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| ABSTRACT

Our goal in this paper is to give a comprehensive study of S. Bayhan and D. Coker [5] paper entitled "On separation axioms in
intuitionistic topological spaces" | give generalizations to the Double intuitionistic separation axioms named Double
intuitionistic Ty—space, Double intuitionistic T,-space, Double intuitionistic T,-space, Double intuitionistic T;—space, Double
intuitionistic T,-space, Double intuitionistic Ragular —space, Double intuitionistic Normal — space. Also, give an example for each
type and work on presenting the characteristics and relationships between them through the given theorems, Finally, | studied
the relations among several types of Double intuitionistic separation axioms in Double intuitionistic topological spaces (DITS)
with some fundamental properties and examples of the opposite are not true for these relationships.
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1. Introduction

The thought of usual topological spaces, their sorts and simple perceptions was advanced by step-by-step fuzzy topological &
several kinds of double fuzzy semi-closed sets [1-2]. There concept of intuitionistic fuzzy sets in intuitionistic fuzzy sets was given
by Atanassov, Krassimir, T. [3]. Bayhan, Sadik [4-6] and Coker, Dogan investigated on separation axioms in intuitionistic
topological spaces. The concept of intuitionistic sets and the topology of intuitionistic sets was first by Coker, Dogan [7,8]. Jasim,
T.H., Lafta, H. I, & Abdullah, S. M. [9] presented some types of separation axioms for (k, m) -generalized fuzzy-(resp, fuzzy)-closed
sets in DFTS. In 2015, Kandil, A., El-Sheikh, S.A., Yakout, M., Hazza, S.A. [10] laid out some types of compactness in double
topological spaces. Kandil, A, O. Tantawy, A. E., & Wafaie, M. [11,12] presented in flou (intuitionistic) topological spaces &
compact spaces. Khedr, F. H,, Sayed, O. R, & Mohamed, S. R. [13] studied some generalized fuzzy separation axioms. In 2023, P.
Suganya and J. Arul Jesti now study separation axioms in intuitionistic topological spaces [14]. Prova, Tamanna Tasnim, and Md
Sahadat Hossain later used the concept to define separation axioms in intuitionistic topological spaces [15], and Saleh, S.,
introduces the concept of intuitionistic fuzzy separation axioms [19]. After that, Raoof, Gh., A. & Jassim, T. H. [16,17] was
introduced into double intuitionistic topological spaces. In 2019, Roshmi, Rupaya, and M.S. Hossain [18] investigated the
properties of separation axioms in bitopological spaces. In (2025), Yaseen S. R, Asmaa Gh. R. Shadia Majeed Noori [20]
introduced a new class of closed sets in fuzzy neutrosophic topology. The conceptual framework of the fuzzy set was first
discovered in Zane's paper in 1965 [21]. The result of this article is a new kind of space in (DITS) Double intuitionistic separation
axioms space, that lies between the class of Double intuitionisticT, (respectively, Double intuitionistic T;, Double intuitionistic T,,
Double intuitionistic Tz, Double intuitionistic T,, Double intuitionistic Regular, Double intuitionistic Normal) spaces, we also
showed the basic characteristics of these types and extracted the relationships between them.

Copyright: © 2025 the Author(s). This article is an open access article distributed under the terms and conditions of the Creative Commons
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2. Préliminaires
Throughout this section, we mention the concepts and notations that we shall use in this paper.

Definition 2.1 [7],[8] Let X+#@ and let 6 and p be intuitionistic sets (Is, for short) taking the
formula 8 = (8, 0,); u = (U, Wy) respectively, let {ej:j € J} be a random assortment of Is in X, where 0 = (9].(1), 61(2)) then,

N0 =(0 X);X=(X, 0).
2)0 cy, ifand only if6; S p; & 6, 2 .
3) The complement of 8 is denoted by 8¢ and defined by 6¢= (6,,0,).

2 v =(e™, ne?); ne =(ne, ue®).
50—-—p=6np-

6)0=pifandonlyifis@ S pandpc 6.

Definition 2.2 [16], [17] Let X # @.

1) A Double intuitionistic open set (DIOS) that is an ordered pair (g, £) = ({(¢1,42), {(£1,£2)) € PI(X) X PI(X) such that g < #.

2) Double 1(X) = {(g,%) € PI(X) X PI(X), g S £}. The family of DIOS consists of everyone on X.

3) Let i1, Y2 € PI(X). The Double product of Y18, expressed by Y1 x Yo = {(g, £):g € Y1, L€ Yo, g S ¥}

4) The DIOS ({X, 8 ), {X, ®)) = (X, X) the universal DIOS, the empty DIOS (@, @) = ({8, X),(®, X)) the empty DIOS is represented
by the DITS.

5) ADIOS (g, ?) is called a finite DIOS provided { is a finite DIOS.

6) Let (g, %), (£,8) € DI(X), then:

N (@) = g9 =£1,€2)4g1, 2)°) = (L2, 1), (g2, g1)).

2) (¢, O\ (£, 8) = ((g\ S), @\ &) = (g1, @20 {f1, D \{y, £2), (S1, $20) = (@1, 220\ (81, 820) . ({£1,42), {for, #2)).

7) Let{(g1a, g2a):a € A} © DI(X), then Ugep (@1a F2a) = <Ugen P1a Ngep 2> as Well as Ngep (@1a, @2a ) = <Ngea Pia
Ugea @20 >. It is understood that any component of Y is called DIOS in X. DIOS, which is a double intuitionistic open set is the
complement of a double intuitionistic closed set (DICS).

Definition 2.3 [10], [16], [17] Let (X, ) be a DITS and (g, ¢) € DIX, then
1) Double intuitionistic interior (DI interior, for short) of (g, ¢) is the DIOS s.tint (g, ?) = U {(#, S): (£, S) ey & (%, S) S (g, {)}.

2) Double intuitionistic closure (DI closure, for short) of (g, ¢) denoted by cl(g, €) or (g, £) is the DIOS s.t cl (g,£) = n{(#&,S) : (%,
S)eycand (g, ¥) S (%, S).

Definition 2.4 [8] Let X # @, IS in R. It is expressed in the form R = (R, R,) where R, and R, are separate subsections of X. So
Riis called members of R, while R, it is called nonmembers of R.

Definition 2.5 [7],[10],[11] Let X # @. The collection n of DS(X) is termed a double topology on X when it satisfies the following
axioms:

No.Xen.
2)IfM,N en, thenMn N €n.

3) If (M« a € A}E n, then U, 4 Mg € n. The pair called the combination (X, n) a double topological space (DTS, for short).
Definition 2.6 [11], [12], [16], [17], [19] Let X # @, then:

1) 3(X) ={@, X} then J is a DT(X) and is an indiscrete double topology. (X, J) is called an indiscrete double space.

2) N X) = p(X) x p(X) (power set (PS) of X's) is a DTS, which is said to be a discrete double topology space.

Definition 2.7 [16], [17] Let X # @, (g, §) € X be a fixed element in X, and let (g, %) = ({(¢1, ¢2),{£1,¥2)) be DIOS. The DIOS (§,d)
is defined by (§, @) = (({q}, {q}°), {{q}, {q}¢)) a Double intuitionistic point (Double I-point, for short) in X.

Definition 2.8 [16], [17] Let (X, ) be a DITS and Y be a # subset of X. Then,
Uy ={(g, O)NY, ¥):(g,%) € Y} is a DIT(). The DITS (¥, y) is the DIT subspace of (X, ) .
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Definition 2.9 [16], [17] Let(X(,{) a DITS. (y1, Y2) = {(Gia, G2a) : @ € A} S DI(X) is called a Double cover of X if (X, X)
= Ugea (Gia, Goa ), then (v, v,) is called DIO cover (Dl-open cover, for short). If (y1, v2) € W< then (y4,Y2) is called Dl-closed
cover (DIC cover, for short).

Definition 2.10 [4], [5], [6], [15], [18], [19]

Let (X,T) be a topological spaces. Then the space (X,T) is called:

1) T, — space iff ¥V a pair of distinct points z ,c €X, there is either an open set containing z but not ¢ or an open set containing c
but not z.

2) T, — space iff V a pair of distinct points #, 4 € X, 3 the open set containing 7 but not 4 and an open set ini containing 7 but not
i.

3) T, — space iff Va pair of distinct pointsv, w € X, 3 an open set U and V such thatv e U, w €eVand U NV = .

4) Regular- space iff V closed set F € X and each point 4 € F,310XS U and VY such thatd e U, FSPVandUNnV = §.

5) Normal-space iff vV pair of closed disjoint subsets Fand € of X, 3 IOXS Uand V suchthat FC U, ESCVandUNV = 0.

6) T; — space iff is regular and T; — space.

7) T, — space iff is normal and T; — space.

Definition 2.11 [16], [17] In a DITS, noted as (X, (), there's a subset from @ called B. This subset B serves as a Double I-basis
open set (DIBOS, for short) for ¢ -

NBcy.

2) * (m,0) € Y; (m,0) = Vj (g4 £5); (g5, £;) € B .

Theorem 2.12 [16], [17] If (X, ) a DITS and (g, ¢), (%, §) € DI(X). The following properties are hold:
(g, £)-cl(g, £).

2) (g, ) is DI-closed - cl(g, ¢) = (g,4).

3)If(g, ) =%, §)thencl(g, ) - cl (%, S).

Proposition 2.13 [16], [17] Let (X, {) is a DI-compact space. Then every DI-closed set is DI-compact.

3. Double Intuitionistic T, — space, Double Intuitionistic T; — space,Double Intuitionistic T, — space in DITS.
This section delves into new concepts of Double intuitionistic separation axioms. It analyzes their interrelationships, providing
detailed proofs and examples for clarity.

Definition 3.1 Let (x, @) be DITS, then (x, ¢) is said to be Double intuitionistic T, — space (DIT, — S, for short) - == (&, ®), (T, ) €
X" (g' g) * (‘f!‘f)la (ul'Vl) € @, ((g! g) € (ullvl) ) '('f"f) ¢ (ullvl)) \ ((gﬂ g) ¢ (ul'vl)' ) (f'f) € (ullvl))'

Example 3.2 Let X ={4, 4,4} @ = {@, 0).(X, X), (U1, V), (U3, Uy), Us, X), (Us, U7} where (U1,T3) = ({7}, {43), ({i, A}, (7],
(U3,04) = ({7} A, ({43, 1A, (Us,X) = ({4, 7}, 0), (x, 8)), (Ue, U7) = (0, {7, A}, ({i}, {7, A}). Since (1.7) = (i}, {7 A,
(W, G A, G ) = (LAY, (G, (0, AD), (BA) = ((A),(4,4D (LAY, L, ), then (i) # (7.4) ~ 3 DIOSKX), (i) € (U, Uy)
8 (Us, %)+ (G.4) € (U1,0,). (G, 2) # (A, £) > 3DIOS(X), (7, ) € (U, V2) & (Us, 7)== (R A) & (U1, U,) and (Us, %), G, 7) # (AA) -
3 DIOS(x), (7.4) € (Us, Uy)++ (A, £) & (U3, U,) and (Us,X). Therefore is satisfy, (x, @) is DIT, — S.

Now, | present the theorem that gives equivalent parts for the definition DIT, — S.

Theorem 3.3 Let (x, ¢) is DIT, — Space if and only if clo{(§, &)} # clo{(T.7)}." @ 8. (1.7 € x~. @ 3 = (1.7).

Proof (-) Let x be DIT, — S, to prove that cl,{(8, 3} # clu{(7.7)}.- @ 8). (i.) € x. 3.8 # (i.7). Since xisDIT, — S and (§,5) #
(f;f) -3 (u,vy) €@; (6,8 € (ug,vy)e (f'f) g (u,v))V (@ 8¢ (ug, vy (if) € (ug,vy)). Let (@ 8 € (ug,vq) - (f' f) ¢
(u,ve) > @D e, vy) (17 e XC; Hence x¢ is DICS, since (uy, v5) is DIOSiny - {(f.7)}  x* = d{(f.D)}** clox9 =x° (by
theorem 2.14 (2)), so {(T.1)} - x°* - (g@) € (up,vy) » {33} ¢ x5clp{@ D} £ x° Socly, {(§ 8)} # clpf{(f.7)}. By similar means if |
take (§,8) € (ug,vy) - (frf) € (ug,vyq).

Conversely --) suppose that x is not DIT, — Space, 3 (8 3), (D) €x; -(u,vi) €x, @ & € (uy, vi) - (F) € (uy, v1) (by
definition DITy — S). Let (W, W) € x; (@, W) € clp{(@ D} > “"(u,vi) €@ (WH € (uy,v1) *=+(u,vy) "n{@E DN} = (@0
But (ug,vy) n {(G,8)} # @,8) » (3,8) € (uy,v,) (since the only Double I-element it {(§, §)} is(,§). So every DIS contain
(W, W) must contain (g, §). Thus, | have the following two statements; Every DIOS(x) must contain (§,3) and every DIOS in yx that
contains must contain (f,f). Therefore, every DIOS in X, (%, ®) must contain (F.f) =+ (u,v;) € @, (W, W) € (ug,vy) **(ug,vy) N
(iD= @0)-> @M ed,{(i)} > W% €cdu{@DN}> @ ® € clp{(F)} > dp{@ D} - "clp{(FF)} by a similar proof
cdo{(F.T)} - clp{(@ ®}. Therefore cl,{(d 8)} - clp{(F.T)}. This is a contradiction (since cl,{(8, §)} # clo{(T.T)}). Hence x is DIT, —S.
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Theorem 3.4 Let (x, @) be DIT, — Space and (¥, @y) is Double intuitionistic topological subspace of (x, ¢), then (¥, @y) is DIT, —
S.

Proof Let (3,3), (1) € ¥ 5,8 = (f) » 38, (F.7) € x (since Y - x)- -Since X is DITy — S = 3(uy, v1) € ¢; ((3,8) € (uy,v1) -(7.f) &
(ug, v)) Vv ((6,8) & (ug,vy)- - (frf) € (uy,vq)) = (ug,vy) "nY € @y ( by definition 2.8); ((§,8) € (uy,vi) N ¥ - (fr f) & (u,vy) NY)
V(@38 € (u,v) n¥ - (FF) € (uy,vy) n¥). Therefore, (Y, y) is DIT, —S.

Theorem 3.5 Let (x, @) & (¥,¢") be two DITS. The Double I-product space x x ¥ is DIT, — Space if and only if each x & ¥ are
DIT, — Space.

Proof (-) Let (§1,61), (82,82) € x (61,61) # (82,82 and (fi,11) , (f2) €Y. (fuf1) # (2. 2) — (61,60, (7u 1) @2.82), (. 12)) €
xxY, (61,60, (f.f1) # @28, (o, f2). Since xx ¥ are DITy—S — 3DIBOS (uy,vy) X (U2, v2) € @ v-((§1,61), (fr.F1) €
(ug,vq) X (uz,v2)) =+ ((82,82), (2, f2) € (ug,vy) X (2, v2)) - V(G1, 61D, (71, T1) € (ug,vi) X (uz,v2)) -+ (82, 82), (2 T2) € (ug, vy) ¥
(uz,v2)) =3 (uy,v1) € @;((81,81) € (uy,vy) =+ (82,82) € (uy,v1)) V((81,87) € (ug, vy (82,82) € (ug,vy)) — xisDIT, —
S,3(uy,vy) € @5((1T1) € (U, vy) *+(f2,F2) & (up, vo)) - V(fr 1) € (uy,vy) = (f2,12) € (uz, v,))+. Therefore ¥ is DITS.

Conversely --) Let((§1,61), (f.f1)), (@282, (2 2)) exx Y, ((81.61), (. T1) # (@2.82), (72 12)) — ((61.61). (82 32)) € x
" '(gi; é}) * (?3;'@; " '((ﬁ' ﬁ) ) (f;lf;)) € Y' - '((ﬁ! ﬁ) * (E! f;) Since X iS DITO - S' so — 3 (ulﬂvl) € ©; ((é} gi) € (ullvl)
(82,80 € (uy,v) V(&1 61) € (ug, vi) - (85,82 € (ug,v4)). Since Y is DITy — S, 50 3 (uz,v) € @5 ((f. 1) € (uzva) -
(f2.12) € (upv)) v (fufi) € (uzvo) =+ (f2.12) € (uzv2)). So there exists ((uy,v4) X (uz, v3)) is Double I-basic open set, (43, 7).
(ﬁ:ﬁ) € (ug, vy) X (up,v2) =~ ((82,82), (f;/f;)) € ((ug,vy) x (uz,v2)) v ((61, 61), (ﬁ'ﬁ) & (ug,vy) X (up,v3)) - (@2, 82), (Erﬁ)) €

((uq,v1) X (uy,vy)). Hence x X ¥ is DIT, — Space.

Definition 3.6 Let (x, ) a DITS, then (x, @) it is supposed to be Double intuitionistic T, — space (DIT; — S, for short) ----(§,g),
(f!f) € X (g' g) * (f"f) ’ 3 (ulﬁvl)ﬂ (u2/ VZ) € @, ((ﬁ, g) € (ulﬂvl) - '(‘f"f) e (ul'vl)) " '((g' g) E (UZIVZ). - (f'f) € (UZ'VZ))'

Example 3.7 Let x= {a, 4} ¢ = {@, 0), X, D). Su.X), (Sf, SO, @, )} where (51, ¥) = (({a},{6}), (x,®). ((Sf, S) =
({63, {a}), ({6}, {a})) and (@, SF) = (@, %), ({6}, {a}). Since (@ &) = (({a}, {6}), ({a},{6}). (B.8) = ({&}.{a}), ({6}, {a})) e x;
then (4,2) # (&, &) - 3 (51,%), (S5, SF) € @ such that (4,2) € (5,0, &) & (51, ) (@ ) & (Sf, SF)-- (&, F) € (SF, SF).
Therefore, (x, @) is DIT; — Space.

Theorem 3.8 Let (x, ) is DIT; — Space - {(g, @)} is Double I-closed set, for each (§, §) € x.

Proof () Let (f,f) € {(& &}, (& 81) # (83,37). Since x it is DIT, — S, then thereexist (uy, v4)., (u(f’f)zlv(f‘f)z) €g; (§,8) € (u,vy)
() e v @a) ¢ (u(f,f)z, V(f,f)z)' ~(f7) e (u(f,f)2, V(f,f)z). So {(8,®} n (u(fj)z; V(fj)z) = (6,0) - (u(f,f)zlv(fj)z)" {33}
=9 € (uan, van,) ~ (van, van,) ** (@) for each (£7) € (6, D)< Hence {(5,)° is DIOS. Therefore, {(§,8)} is DICS, for
each(§,3) € x.

Conversely --) Let 3,8 (i) ex @) #({f) - (@} {(F7)} are DICS in x. Then {@ ¥, {(F)} are DIOS in x. Say
(ulfvl) - .{(if)}cl (uZIVZ) - '{(ﬁ, g)}c i (@r g) € (ulfvl) - (f’f) e (ulJVI). - (gr g) e (uZJVZ) - (f'f) € (u2'V2)~ Therefore, (X!(\O) is
DIT; — Space.

Theorem 3.9 Let (x, @) be DIT; — Space and (¥, @y) is Double intuitionistic topological subspace of (x, ¢), then (¥, @y) is DIT; — S.
Proof: Let (§,8),(G ) €Y, (§,8) # (f;f); so (8, 8), (f; f) € x-*Since xis DIT; =S, 3(uy,vy), (uzvy) € @; ((6,8) € (ug,vy) - (f: f) ¢
(ug,v4)) (@, 8) & (uy,vy)-- (if) € (uz,v2)) = (ug,vy) NY + (uz,v2) N ¥ € @y (by definition 2.8); ((§,8) € (u;,vi) N ¥ - (f:f) &
(U, v1) 0 Y) =+ (38 € (uz,v2) n ¥+ (L.1) € (uz,v2) nY)). Therefore, (¥, @y) is DIT, —S.

Theorem 3.10 Let (x, @) & (Y,¢") be two DITS. Then the Double I-product space x X¥ is DIT; — Sif and only if each x & ¥ are
DIT; — Space.

Proof (-) Llet (§1,61), (82 82) €x (61.61) # (2.82) and (f.fi),(f2f2) €Y. (7 ) = (2 f2) — (6. T, (7L 1), @2 @2,
(f2f2)) exx¥, (6,60, (fuf1) # @2.82), (f.12))- Since x x ¥ is DITy =S = 3 (uy,vy), (Uz,v2) € @y ((61,61), (f1. 1) € (ug,vy)
(82,82, (T2 12) € (ug,vi)) "+ ((82,82), (2. 12) € (U, vy) === (81, 61), (fr. 1) € (uy,v2)),that means there exist Double- - - basis
open sets ((ug, vi)1 X (Uz,v2)1), ((ug, vi)z X (Up,v3)2) € Oyxy - (81,61, (f:vf:) € ((ug,vy)g X (uz,v2)1)
*((62.82), (E,g) g+ ((uy, vy X (ug,v2)1)  ((61,61), (f::f:) & ((ug,v1)z X (uz,v3)z) * (82, 82), (TZ,E) € ((uy,vq)z X

(uz, v2)2) = 3 (ug, V)1, (ug, vi)2 € @;+ ((§1, 1) € (ug,vi)1-+(82,82) € (ug,vi)) * ((81,81) & (up,v2), *+(82,82) €

(uz,v3)2)" *So+* xis DIT;-Space *3((ug,va)1t (Up,v2)2) E@r et (ﬂrﬁ) €+ ((ug,vp)q"+ (Erﬁ) & ((uz,v2)2) " ((ﬁ;ﬁ) ¢
(CADE (f;,f;) € ((uy,v3),). Hence, Y is DIT; — Space.

Conversely:-+) Let (@, 6. (i, ) (@) (B R) exx¥: (@) (L) # (@&, (7)) ~ @6, (@5 € x
"t (g‘i' é‘i) * ((Q\Z/! Q\Z/) ) .((flffl)' (erfZ)) ey .(flrfl) * (erfZ)' Since XIS DITI =S, there exists ((ulrvl)lr (ul;V]_)z SROR ((gﬁiJ gﬁi) €
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(ul, Vl)l. - (@E, @E) E (U1, Vl)l)‘:, ((éi, éi) E (ulL’Vlzz - (@E, ag) € (ul, V},)Z,.),. S|nce Y ~|S~ DIT1 - S, then there eXISt
((uz,v2)1,7 (uz,v3)2) " € (P*I((f1:f1) € (uz, v2)y '(fztfz) € (uz,vz)1)" ((f1:f1) € (uz, vy " (fztfz) € (uz,v2)z) there exists
Double---basis open sets  ((uy,vq); X (u2rV2)1)i((g~1rQ~1)' (ﬁrﬂ)) € ((ug,vi)1 X (uz,v2)1) -+ ((82,82), (E:E)) & ((ug, vy X

(W, v2)1) =+ (6 60, (71, 11)) € (Ui, vi)z X (U2, v2)2) " (@8, (72 F2)) € ((uy,v1) X (3, v2),). Therefore, x XY is DIT, —Space.

Definition 3.11 Let (x, @) a DITS, then(x, @) is assumed to be Double intuitionistic T, — space(DIT, —
S, for short)=+ - (3,9, (1) € x, 3,9) = (11) 3 (v, V1), (W2, Vo) € @, (B, ) € (0, Vy) == (R]) € (v, Vo) = (v, Vi) 0 (v, V) = (B,0).

Example 3.12 Let x = {x, 4} ¢ = {©,0), X.%) @ wy), (6' 032): (6' 033): (6' wg), (5: 03): (6'005): @, 04), (@1,%) (03,%), (w2,%),
(@3,X)  (@LX), (@5,X)  (weX) (03, 01), (w1, 1), (W3, 03), (W2,02), (W5, W3), (W], ®), (W5, W3), (Wa,w4), (W3, W2), (W],
w1), (05, 02), (0, ws), (F, 0,), (W$,01), (05, W3), (WS, 1), (WS, Ws), (W, ®1), (W4, ), (B,F)} where (B, w,) =

(B, x) ({x}, 00, B, 05) = (B,x), {5} 8), @ ws) = (@,x) {x} (g}, (B,05) =«D,x) {y} N, (8, 0f) = (B, x), (8, {x})),
@, w$) = (B,x), (D, {g, (B, 04) = (B,X), (D, 0)), (w1, 1) = ({x}, 0), (6. B)), (w3, %) = ({xe}, {y}), (% 0N (w2, XD = (g}, ), (x, B,
(w5, %) = ({g} {21, . 2)), (01f,%) = (0, {x}), (x, D)), (w5, X) = (@, {»}) (x. D), (we,X) = (0,0),(0)), (w3, w;) =
({x} {g}), ({00, (01, 01) = ({2}, 0), ({x},8)), (w3, w3) = ({x}, {g}), {x}, {#}),  (wawz) = ({g},0),{{g}, D)), (w5, ws) =
({yh (1), {yb {2}, (of 0)) = (0, {x}),(0,{x})), (wi wf) = (D, {g})(D.{g}), (04, ws)=(D0)(00), (w5 w,)=
Ly} (21, Ly}, 2D, (0F, w1) = (B, {x}), ({x}, D)), (wf, w2) = (B, {x}), ({%}, D)), (0], wF) = (@, {x}), {{g}, (£}, (0f, wy) =

(2, {x}).(2,0)), (05 w) = (D, {g}), ({x},0)), (w5, w3) = (B, {z}){x} {g}), (05 wy) = (2, {z}), {y}, O)). (w5, wy) =
(2, {y1). (0,0)) , (s, 01) = (@, 0),({x},0)), (w4, wz) = (,0),({g},0)) and (8,%) = (D, %), (x. 8)). Llet (%% = ({x}{g})
=3 g, @ 9) = (g} {2} ({y} {x}) € X then (£.8) # (§,9), since (w3, w3), (w5, w3) € @ such that (w3, w3) N (03, w3) =
(@,0), (£.%) € (w3, w3)"* (#,4) € (w5, w§). Hence (x, @) is DIT, — Space.

Remark 3.13 Every DIT, — S is DIT; — S. But the reverse implications do not hold and the following example shows that:

Example 3.14 let x= {aB} ¢ = {@0), @X) PuLY) PP (Pf,P)} where (P,X) = (({o},0)(x,0), (PrP;)=
(€}, {ad), ({B}.{o})) and (Pf,P,) = ((@, {a}), ({B}, {a})). Since @& = (({od, {B}).({a}, (B, B.B) = (({B}.{a}), ({B}.{a})) € x; then
@x) # B~ I (PLX). (P2 . P2) €@ such that (@) € (P, X))+ BB & (PLX)) " (@) & (P2, P,) - (B.P) € (P, P2)). Clear,
(% @) is DIT; —S. But (x, @) is not DIT, — S, since if (&d) # (B,B) take (P, %), (P2 P,). But (P, )N (Py, Py) = (P, P,) # (B,9).
Hence DIT; — S+ DIT, —S.

Remark 3.15 If (y, @) it is DIT, — S, then not essential that the space is DIT; — S and DIT, — S (i.e, DIT, —S — DIT; —S — DIT, —
S).

Example 3.16 The space (x, 3(x)) if x is any DIS containing more than one Double-element, then (x,J (x)) is not DIT, — S, so that
it's not DIT; — S and not DIT, —S.

Theorem 3.17 The property of being DIT, — S is a hereditary property.

Proof Let (x,¢) is DIT, —Sand (Y,@y) is a Double intuitionistic topological subspace of (x, @), to prove(Y, @y) isDIT, —
S.Let@,9), D ex. @+ (A - @9, (E1) ex (since¥-x)--Sincex is DIT,—S, so there exist (vy,Vy), (v, V) €
Y (0, V) 0 (V)= @ B), ((3,9) €y, V) - 'Gj) € (U2, V2)) = (L, V)N (U, V) NYE @y (by definition 2.8);
LV N N (V) N Y) = (0, Vi) 0 (V) nY) = (@, 8) nY = (@, D).

Theorem 3.18 Let (x, @) & (Y,¢") be two DITS. Then the Double I-product space x X¥ is DIT, — Sif and only if each x & ¥ are
DIT, — Space.

Proof () Let (B,p)1, (B0, €x @01 # BP).and (B, (1), €Y. (1D, = (D), » (@5, (D), (3.2 (11),) € xxY,
(@, )1, G;i)l) # ((7,9)2, (I,I)Z)- Since x XY are DIT, —S — 3 (v, V1) " (v, V2) € @yxy; (B, D)1, Gri)l € (, V1) (B, D)2, G'I)z €
(W2, V) = (U, Vi) n (uy, V) =(0,0) that means there exist Double---open sets ((u,Vi)1 X (U2, V5)1), (U1, V1)2 X (U2, V,),) €
Py (01, V1)1 X (02, V5)1) "N ((Wg, V)2 X (02, V2)2) = (,8)" = (B, )1, (},})1) € (1, V1)1 X (V2,V2)1) "= (B, D)2 G'I)z €
(W1, V1)2 X (Uz, V)3, 50 there exist = = ((0g, V1)1, (U2, V2)1 € @; = (01, V)1 N (U2, V2)7) = (6,@i~((ﬁ' P)1 € (v, V)1 (B, D)2 €
((v1,V1),.50" = is DIT, — Space and*3((v,, V)1, (2, V,)2) € @ = ((V2, V1)1 N (U3, V5),) =(@,8). Hence, ¥ is DIT, — Space.

Conversely--+) Let((3,7):,(19),), (@ P2 &1, exxv; (@, 1D),) # (5.5 (D),) = (@5, (@5 € x==- (@GP #
@p)2) (A1), (AD, ev--(1Y), # (L1, Since x is DIT, =S, there exists ((u1, V1)1, (U1, V1)2 € @; ((V1, V1)1 N (U2, Vo)) =
@,0), (3,91 € (1, V1)1 B, D)2 € (v, Vy)z)*. Since Y is DIT, —S, then there exists ((Vs,V2)1," (V3,V2)2) € @5((V2, Vo)1 N
(2, V2)2) = (8,8), (B1), € (2, V)1 =+ (L), € (L2, V2);)*  so--there exist Double::-basis open sets  ((vg,Vy); X
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(UzLVg)J ((Ul’V1)2~>~< (02, V2)2):((v1, V)1 X (U2, V2)1) N ((U1r~V})z X (02, V2)2) " (L1, V)1 N (L1, V1)) X ((V2, V)N ((Vz, V2)2)
= (Q: Q): ((ﬁl ﬁ)ll Gl })1) € ((Ulfvl)l X (UZrVZ)l)' - ((ﬁrﬁ)Zl ({"})2) € ((Ul:v1)2 X (UZrVZ)Z)' Therefore X XY is DITZ _Space'

Theorem 3.19 Every Double I-compact space in DIT, — S is Double I-closed.

Proof Let (x, @) be DIT, — S and (A, K)- - x; - (A, K)-is Double I-compact in ¢, to prove (A, X) is DICin y; (A,X)¢ is DIO(x). Let
®,P) € (AK) > B,P) & ( AK), B,P) # & a €-(AK) . Since (x,¢) is DIT, — 5,50 3 ((Gyo G1a): (G2as G20) € @; (Gi G1o) N
(Gaa G2o) = (8,8), (5, D) € (Grovr G1a)** &« € (G G2 ;* @ € (AK), {(Giew Gro)}aeacy (@ll element in this family contains
@ 0) and  {(Gaa, G2e)}aeaxy (all element in this family contains one of the elements (p,p)) and every
(Gia» Gyo) conforming (Gq, G2o)s.t (Gia Gro) N (Gae G2o) = (8,0) > {(G2 Gaa)Yaeaey 1s DIO cover of (A, K).( ie., (A, X) -
Uaeas) (G2 Goq)- Since (A, X) is Double I-compact— 3oy, oy, ..., ap ; (AK) = Ujz1™ (Gzgj, G2q4)- SO, there is a Double limited
family {(Gix Gia)}aeax) conforming to the Double finite family) {(Gy, Gla)}aE(ﬂ,K){(GZai:GZai)}nj=1WhiCh is (Giq, G1o)- Since

every (G, Giq) contains (B, B), then (,p) € Nj=1" (Gigj, G1qj)- Since everyone (Gigj, G1gj) is DIO (), then Nj—1™ (Gyqj, Giqj) is
DIOS contains (p, p)(second condition of the definition of DITS). Say, (v1,v1)= Nj=1" (G1aj) G1gj) = (B, D) € (Giw» G1a) € @ ON the
other hand Uj—1" (Gzqj, G2oj) is DIOS (third condition of definition of DITS). Say, (v2,V2) = Uj=1" (Gz4j Goo) = (A, XK)
**(Gaq, Gao) € @ Notes  that,  (Gig Gio) N (G2 G2o) = (5, 6) 2 (G100 Gre) (A K) > B D) € (G0, Gro)* = (A,
H)* (G1r G1o) € @, SO (A, K)C is DIOS (x); *(p, D) € (AK)* = (A,K) is Double I-closed in .

Theorem 3.20 Let (x, @) be DITS, and let (A,%)-be a Double I-closed set and (0, Z) be a Double I-compact set in DIT, — S, then
(AX)-n (0,2) is Double | compact.

Proof Since X is DIT, — S and (0, Z) is Double I-compact in x, then (0, Z) is DIC(x). Since (A, X), (0, Z) are DICS(y), then (A,X)-N
(0,2) is DICS(x) (second condition of definition of DITS). Since (A, K)-n (0, Z)-- (0,2), so (A, K)-n (0, Z)-be Double
intuitionistic topological subspace of (0, Z) and (0, Z) is Double | compact. Therefore, (A, X)-n (0, Z) is Double I-compact (by
Theorem 3.19).

Corollary 3.21 Let (x, ¢) be DITS, and let (A, X)-* (0,2) -be Double I-compact in DIT, — S, then (A, X)-n (O, Z) are Double I-
compact.

Proof Let(A,X) is Double I-compact inx, and x is DIT, — S, then (A, X)-is DIC(x) (by Theorem 3.19). Since (A, X) is DIC(x)- - (O,
Z) is Double I-compact in x=and x is DIT, — S, then (A, K)-n (0, Z) is Double | compact and x be DIT, — S and (0, Z) is Double |
compact in x, then (0, Z) is DIC(X). Since (A, K), (0, Z) are DICS(X), then (A, K)-n (0, Z) is DICS(x) (second condition of
definition of DITS). Since (A, X)-n (0, Z2)-* (0, Z), so (A, K)-n (0, Z)-is a Double intuitionistic topological subspace of (0, Z) and
(0, Z) is Double | compact. Therefore, (A, )=n (0, Z) is Double | compact (by Theorem 3.19).

4. Double Intuitionistic Regular — space, Double IntuitionisticT; — space, Double Intuitionistic Normal — space and
Double IntuitionisticT, — space in Double Intuitionistic Topological Spaces

Definition 4.1 Let (x, @) is DITS. Then space (x, @) is said to be Double intuitionisticRegular — space (DIR — S, for short) if and
only if for each (p,p) € @,-(v, V)¢ €0 (B,D) € (vy,V,)¢ is a Double I-closed set, there exists-(vqy, Vi) -(uy, V) €
@ (0, V1) n (W2, Vo) = (B,8), (B,5) € (01, V1) (v, V)% = = (vg, V).

Example 4.2- Let x = {A,d,jke = ¢ = {@0) XX (G T @ F)}where (.57 = ({4}, {d.7}), ({(AY, {d.7}),
(T T = (({d, 43, {A}), ({4, 7}, {~}). Take (X.X) but every element belongs to (7.%). Take (3,8) and (%, 4), (d,d), (7, 7) ¢ (@,8),
50 3 (u3,v1)* = (X.X) & (V2,v2) = (B,8) such that (&, 4),(d,d), (7 7) € X X) (i, v1) and B,8):* @,0)"* (v2,v2) & X.X) n B,0) =
(@,8), so the definition satisfies. Take, (v1,v,)¢ = (73,77) is DICS (x), (d,d), (7, 7) & (u1,v2)¢ >3 (U1, V1) = (TS T & (v, v,) =
7)), (L), (5 T9)) €@ (LT NTET) = @.0), (d.d),G ) € TET) €@+ (01, Vo) = (0, V) = (7,77). Take
(01, Vo) = (55, 1) is DICSQO; (A, 4) € (1,V2)¢, 50 3 (v, Vi) = (T3, 77) & (02, V5) = (355 T7) = (01, V)< then (0g, Vi) n (v, V,) =
@.8); (£, &) € (0, V1) = (U1, V)¢ = (T3, T5) * (vz, V). Hence (x, @)is DIR — S.

Remark 4.3 In the preceding example 4.2, notice that x it is not DIT, — S, not DIT; — S and not DIT, — S, so the not DIR — S is not
necessarily not DIT, — S or not DIT; — S or not DIT, — S. (i.e., DIR » DIT, - *DIR » DIT; --DIR » DIT,.

Theorem 4.4 Let (x, ) be DIR-S if and only if for each (p, p) € x and every Double | open set (v3,v3) containing (B, p), there
exists a Double | open set (uq,vq) s.t (B, P) € (U1, V1) = cl (Uy,v1) = (V3,V3).

Proof (-) Let (§, p) € x, (U3, v3) € @; (B,P) € (us,v3) = (B, D) € (u3,v3)¢ and (v3,v3)° € (v, v,)C Since X is DIR-S, then there exist
(V1,v1), (U2, v2) € @; (V1,v1) N (Vz,v2) = (@,8), (B, P) € (Vg,v1) =~ (V3,V3)® = (Vz,V2)). Since (Vg,v1) N (Vz,v2) = (B,0), s0 (vy,vy) *
(0g,v2)¢ and (Uy, V)¢ = (Us,v3) = cl(ug, V1) = cl(uy,vy)¢ (by theorem 2.12 (3)) = cl(uy,vy) = (U, vy)¢ (by theorem 2.12(2)) -
clug,vy) * (U2, V) == (U2, V)¢ (L3, v3) = cl (Vg, V) = (V3,V3), 50 (B, B) € (Vg V1) * cl(uy, V) = (u3,v3) (by theorem 2.12(1)).
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Conversely---) Let (p,p) € x and (vq,v,)be DICS(x); (B, D) € (V1,V2) = (B, D) € ((1,V2)9 € @ (since (vq, v,)¢ is DIC(x)), there
exists (V1,v1) € @; (B, D) € (V1,v1) = cl (Ug,v1) = ((Vy, v2)9S then cl(uy,vy) = ((V1,V2)9) ¢ = (U, V)¢ = (cl(uq,vq))C But, (Cl(Ul'XQ)C
is DIOS(x), since cl(vy,vq) is DIC(x), say (cl(uy,v1)) = (Uz, Vo) = (B,B) € (g, V1) = (U1, V) * (Vg V2) * (L1, V1) N (Vy, V) = (B, 0)
(since (vy, v1) * cl(vy, v1) and cl(vy,v1) N (cl(Vy,v))E = (@, B)) = (1, V1) N (Vy,v,) = (B, B). Hence, x is DIR-S.

Theorem 4.5 The property of being DIR — S is a hereditary property.

Proof Let (x, @) is DIR — S and (Y, @y) is Double intuitionistic topological subspace of x, to prove (¥, @y) is DIR —S. Let (,p) € ¥
and (0,2) is DICS € @; (,p) € (0,2) > (B, P) € x-- since Y- - x) there exists (A, K) € (vy,v,) (0, Z) = (A, K) n¥ (i.e, (0, Z) is
DIC(x). Since xis DIR — S, there exist (uq,v1), (U3,V,) € @; (V1,v1) N (Vy,v,) = (5,6), ((B,8) € (L, v r (A K)** (Vg V) >
(1, V)N Y == (U, V) N Y € @y ( by definition 2.8); ((U1,v1) N ¥)N ((uz, v2) NY) = ((Wy,v1) N (U, vy) NY) = (@, B) N Y = (@, B) and
((B,P) € (uy,v1) NY) (since (B,P) € (g, v1) (B, D) €Y) =(0.2) - (v, v2) NY) (since (0, Z) * (A,K)nY) - (0, Z) = (A, K)--
(0,2)-¥>(0,2) - (Uy,v2) - (0,2) ¥ =(0,2) - (uy,v,) NY. Therefore, (Y, @y) is DIR —S.

Remark 4.6 Notes that DIT, —S » DIR—S ++DIT; — S » DIR=S ++DIT, —S -+ DIR — S.

Example 4.7 Let x = {57} ¢ = {@,8), XX (01,07), (W3,03), (W4, w4), (WS, ws)} where (0)~1:0)2) = ({8}, {7} ). ({5}, 0)),
(03,03) = {({r},0), ({r},0)), (ws04) = ({s,73,0),({s,7},0)), (w§,w5) = (D, {r}).(D,0)). ¢ = {B,0), XK. (5, 0f), (w§0),
(wg,05), (W, wz)} where  (w3,07) = (@, {8}), ({r} {8})., (w3,w3) = (D, {r})(0,{r}), (wiwi) =0 {s})(0 {sr}) and
(W, w3) = ((@,0 ), {({r},8)), since(§, 8) # (4 7), then there exist DIO()) such that (5,8) € (w; ,0;), (W4,wy)***(F7) & (W1,wy).
Clear (x,¢)isDIT, —S. Take (¥.X¥) but every element belongs to ({.{) and take (6,8) and (5,3), (#*#) & (8,8), so
I (L) = ®X) & (U vy) = (B,8), so the definition satisfies. Take (Vy,V,)¢ = (WS w$) € @, (7%, 7) & (Vg,v,)<. Let (vg,vy) =
(w3,w3) & (Vz,v7) = (W1,Wy); (w3, w3) N (Wy, Wp) = (WS, ws5) # (6:5): (#,7) € (vg,v1). Take (U2~.V~z)C = (0, 0f), (338)¢
(04, Vo)< Let (U, V1) = (W1,W3), (Vz,V3) = (Wg,wy); (8,8) € (U1, V1); (W1 W) N (Wy, W) = (W, W,) # (B,0). Hence (¥, @) not DIR —
S.

Example 4.8 From example 3.7. Clear (x, ) is DIT; — S,but not DIR —S. First find the family of DICS(x). ¢¢ = {(@,8), (X.X).
(1), (51,81), @,85)} where (8,,8,) = (({a}, {61).({a}, {6})) and (3,8),(X.%) in the preceding example content the definition in
general (8,8), (¥.X) satisfy the definition in all examples. Take (v1,V,)¢ = (S1,81); (£.&) & (v1,v,)C. Let (SE,S85), (@,S5), (&,4) €
(S5,89) and (85,89 n (B,55) = (B,80) # (8.9). Take (v1,v,)¢ = (B,55); (@.a) & (@,85). Let (vg,v4) = (51,%), (V2,v2) = (,85),
(U1, V)¢ == (Vy,v2) and (81, %) N (@, S5) = @, S5) #(3,8). So, is not DIR — S.

Example 4.9 Let x = {1,2}; ¢ = {@,0), (T.X) (A, M), A5, A, A2, %), (A5, A1)} where (4, A = ({13423, {121, A4 AD) =
W23 25, 2,0 = ({23,0), (¢ 0) and (A5,A) = (0,{2}), ({1}, {2}). ¢ = {(B.9), (X, X). AL, AD, A, A1), (B, AD),
A, A where (B, A5) = ((2,0,48,{2}), 5, &) = ({2}, {1, ({2}, 0). Let (1,1),(22) ex (1,1I)#(22) then (IL1)e
M)+ (2,2) € A5, A9) such that (A A NS, A9 = (@,8). So (x, @) is DIT, — S,but not DIR—S. Take (vy,v,) = (A$AS),
(LI) & (ivp)< Let (Ui, v1) = ), (V2,v2) = A2 0D, (V1,v2) **(uzvy) and (1,1) € M) ) N Az X) = ASA) #
(@,8). Hence (x, ¢) is not DIR — S.

Definition 4.10 Let (, @) be a DITS, then the space (x, ) is said to be DIT; — space if and only if its DIR — S and DIT; — S.
Example 4.11 See example 3.12, the space (y, ¢) is DIT; — S, since its DIT; — S and DIR-S.

Theorem 4.12 The property of being DIT; — S is a hereditary property.

Proof Let the property DIT; — S & DIR — S be a hereditary property. Then DIT; — S it is a hereditary property.

Theorem 4.13 Let (x, ) & (¥,¢") be two DITS. Then the Double I-product space x x¥ is DIT; — S if and only if each x & ¥ is DIT; —
S.

Proof In proving in preceding theorems: that Double I-product space x x¥is DIT; — S and DIR-S if and only if each x & ¥ are
DIT; — S ( by theorem 3.10) and DIR-S. Hence, the Double I-product space x & Yis DIT; — S if and only if each x & ¥ is DIT; — S.

Theorem 4.14 Let (x, @) be DIT; — S, then y is DIT, — S.

Proof Suppose that x DIT; — S (i.e,, xis DIT; — S and DIR —S), to provey is DIT, —S. Let (§,p), (G @) € x; (B,p) # (§,d), since
x is DIT; — Space ={(§, D), (§, @)} € (vy,v1)¢ (by theorem 3.8), then (p,p) ¢ {(G @)} (since (B,p) # (§,d)). Since x is DIR — S, then
there exists (v1,v1), (U2,v2) € @ (V1,v1) N (Vz,v2) = B,8), (B,P) € (W1, ve) *{@ D} * V2v2) = (B.P) € (Wy,v1) * G-
(vy,v,)). Therefore (x, @) it is DIT, — S. In the previous theorem, take (B,p) € {(§ @} and in a similar way. | can take (§,q) ¢
{(p,p)} and have the same outcome.
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Remark 4.15 From a above theorem, | have DIT; =S - DIT, —S —-DIT; —S — DIT, —S.

“* “* “*

Definition 4.16 Let (x, @) be DITS. Then space (x, @) is said to be Double intuitionistic Normal — space(DIN — S, for short) if and
only if for each (v, V2)S, (v3,Va)S € @5 (v1,V2)¢ N (v3,Vy)S = (8,0), there exist (vy,V1):(V2,V2) € @; (1, Vi) N (vz,V,) =
(@,8), (1, Vo) (0, Vi) = (U3, Va) = = (2, V).

Example 4.17 See example 4.7, Clear (x, ) is DIN — S. Take ((vy, Vo)< = (@S, o) =+ (vs,V,)¢ = (3,8) € ¢, (wS, w$) n (@,8) = (3,8),
there exist; (g, V;) = (w3, w3)"* (L2, V3) = (8,0) € @, (w3 ,w3) N (B, B) = (B, B) (since (L, V)= (Vg, V)= * (L3, Vy) == (L2, VR)).

Remark 4.18 In the former example 4.17, remark that (x, @) not DIR-S and its DIN-S, accordingly that DIN-S -+ DIR-S.

Remark 4.19 DIN-S » DIT; — S - DIN-S » DIT, —S.

See example 4.2, the space (x, @) is DIN-S. Take, (73, T1), (7, i) € @ = @ (F1 ,T1) N (TS, ;%) = (@,8), but (x, @) is not DIT; — S
and not DIT, —S.

Remark 4.20 DIR-S » DIN—S - DIT; —S » DIN —S.

Example 4.21 See example 37, ¢° = {@,0), (X.X), (S1,%): (51,51, (B,5))} where (51, 81) = (({a}, {6}), ({a},{6})). The space
(x, @) is DIT; — Sand not DIN — S. Take (v, V)¢ = (B, SO+ (3, V)¢ = (S5, 81) € @5, (V1, V)¢ N (v, V)¢ = (8,8), there exist;
(0, V1) = (S, %), 2, V) = (85, 87) €@, (81, X)) n (SF,8) = (5' 8P * (@.0) (since (U1, V)= (0, V) =0 (U3, Vi) == (L, V).

Example 4.22 Let x = {10, 205 @ = {(@ ,0), (X, ). (H1,H), (Hy Hy), (Hz, H3), (F§, HS), (Hf, H)} where (3y,H;) =
({103, 0),((10},0)), (Hz,Hz) = ({20}, {10}), ({20}, {10}), (H3,H;) = (({20},0),({20},0)), (33, H3) = (0,{20}),(@,{20})) and
(5, K1) = (8,{101),40,{10})). o = {@.0), K.X) (O HD), (H5,H), (H5,H3), (Fy Hy), (H3,H3)} where (35, Hy) =
(({10},{20}), ({10},{20})). The space (x,¢)isDIR—S, since (u;,v,)° = (H§,H$) € ¢, (20, 20) € (uy,v,)S there exists (3¢,
Hy), (H§,HS) € @ then (Hy,H,) N (HS,HS) = (@,0).( since (2,2) € (Fy, Hy) ** (ug,vp)< * (HS,HS)). But not DIN —S, since
(M, HE), (5, H5) € ¢° = @, (KT, HE) N (35, H5) = (B.0). (A, HY) - (HH3) ==+ (M5, H5) S (M5, HS)).

Remark 4.23 DIT, —S +» DIN-S - DIN — S » DIT, —S.

Example 4.24 Recall example 32, o = {@8), %) (USUS), (US,0S), (@,0F), (USUS)} where (US,U5) =
(G} i AY), (GG, (U509 = ({4} (4,40, (1A% (3.6, U9) = ((9,X), (0, {4,7}) and (U5, U%) = ({7, A}, {i}), ({7, A}, 0)). The
space(y, @) is not DIN — S, the DICS (x) in @<, then (U$,0%) n (0%, 0%) # (0,0) there exist (Us,X), (U,0,) € @, (Us,X) N (U,,0,) #
(@.9) (since (US,05)** (Us,X)** (U5, 05) & (U1, U,). But (x, ¢) is DITy —S.

Example 4.25 Recall example 4.2, the space (x, ¢) is not DIN — S. But is not DIT, =S, since (d,d) # (7,7), then (X %), (T, T) €
¢, (d.d) € (15, T G.5) € X

Remark 4.26 Let (x, @) is DITS and ¢ = ¢ (i.e., every DICS(y) is € (x) or (uy,vy) € @ & (uy,vq) € @, then (x, @) is DIN —S.

The space (x .3 (x)) and (x, P(x)) is the special case from these spaces.

Remark 4.27 The property of Bing a DIN —S is not hereditary and the following example displays that:

Example 4.28 Let x = {g, », £} ¢ = {@,8), @ X), (B1,B1), (B2Bs), (B4Bs), (Bf, BD)} where (By,By) = ({{g, £}, {#}). {{a, £}, {7},
(B2B3) = ({({p} {£}).{a, £}, 0)), (Bs Bs) = (D, {p,£}),({g}. {p}) and (B}, Bi) = ({p}.{g.£}), ({x}.{a.£}) . ¢ = {(@.0), *X.X)
(B1, B), (B3, B3), (Bs, BY), (ByB1)} where (Bf,BY) = (8,{g, 2}), (£} {p}), (B3, B7) = (D.{4,2}), {{£},{p})) and (Bs B;)=
(phiah {p. £} 0). Let ((v,v2)° = (BB, (vzva)* = (BLBD)E@ = ¢ (BB N(BL, B) =( 0.9), (since
(U1, V) (U, v1) " = (U3, V)= =(Uy,vy)).mHence (¥, @) is DIN —S. Now, take the Double intuitionistic topological subspace
Yox;¥eorr g peecandsY,Y) € @oothen (YY) - (ak (o). (ad (). oy = {@0). (YY), (BBs)} and oy = {@.9),
(Y, Y), (BS,Bs)} where (BS, Bs) = ({0,{g, #}), (0,{p})), notes that (BS, Bs), (8,0) € @y and (BS, Bs) N (0,0) = (9,0). But there exist
(BS, Bs) € (X) in @y, (B4,Bs) N (8,8) = (3,8) (since (BS,Bg) S (B,,Bs)). So that ¥ is not DIN-S, while y is DIN-S.

Theorem 4.29 The space (x, ¢) is DIN — S if and only if for each Double | closed subset (v, v;)¢ = x and DI open in ¥ containing
(v1,v2)S there exists an DI open set (v, vq) such that (vy,v,)¢= == (vq,v1) "= cl(vg,vy) =*Y.

Proof () Let¥ € ¢, (u1,V,)¢***¥, 50 (U,V,)¢*N¥< = (B,8) * ¥< € ¢° (since ¥ € @). Since x is DIN-S, there exist (uy,v;), (Uy,v,) €
@; (Vg,v1) N Uz, V) = (516) (since(uq, v2)¢ " * " (Ug, V1) == ¥ r 2 (Vg, V1)), SO (Uq,V2) €= **¥, since (Vg,vy) N (Vy,V,) = (5,5) - (V1,vq)
* (Vg V)¢ > cl(uqg,vq) "= =cl (Vy,vy)C (by theorem 2.12(3))=— cl(vq,vy) "+ (Vy,vy)C (by theorem 2.12 2)—-
(U1, V) e rcl(ug, v) = (U, v2)¢ (by theorem 212 (1)), so(uy,vz) ** (Ug,vy) (U, V) cl(ug,vi) e (Vg V)" " (Ug, Vo)< " Y -
(02, v2)< "+ (Vg vp) "= cluy,vy) =Y.

Conversely --) Let (Vy,v;)% (U3, V)¢ € @ ; (V1,V2)¢ N (U3, V) = (B,8), (L, Vo) * (U3, V4)9)E € @ (since (U3, v,) € @9), there exist
(01, v1) € @; (U1, V)%= (U1, v1) == =cl(Vy, V)" " (V3,v))C = cl(Vg, V)" (V3,v))C = (U3, V) === (cI(uq,v1))S But (cl(uvq,v1))C is
DIO (), cl(uy,vq) is DICG), say (cl(uy,vi))® = (ug,v3) = (U3'V4)c: (U2, v2) = = (cl(Vq, v1))< - '(BEVZ)C' (uyvq) s (ugyv) N
(V2,v2) = (8,8) (since (vg,v;) =+ cl(vy,v;) and cl(vy,V,) N (cl(V, V1)) = @,8) > (V1,v1) N (Vy, V) = (B,8)). Therefore x is DIN — S.
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Theorem 4.30 A Double I-closed subspace of DIN — S is DIN — S.

Proof Let (x, ) be DIN — S and (¥, ¢y) is Double I-closed subspace of x, to prove (¥, @y) is DIN —S. Let (U1, V2)yS (U3, v4)y© be
DICQO in (¥); (u1,v2)y“ N (u3,va)y" = (@, B), there exist (v1,2)S, (V3,Va)S € @+ (V1,V2)y¢ = (V1,V2)S NY == (U3, Va)y© = (U3, Va)° N
Y; (1, v5)° N (us,vy)¢ = (@,0). Since X is DIN—S, there exist (uy,v1)* (V3,V5) € (U1, v1) N (Vg V) = (,8)," (since (Vy,V,)¢
*(ug,vp) Uz, ve) r(ug, v)) = (g, ve) NY --(uv)) NY €@y (by  definition  @y).  ((u,vy) NY - -(uzv)NY) =
(1, v1) NV, V) NY = (B,8) nY = (6,8), since (u1,v2)y € = (V1,V2)NY = (U1, V2)y € = (U1, V2) = (L1, V)y == ¥ = (Vg Vy)y ©
* Uy ve) t (U VR)y € Y o (U, vR)r €t (U v) N rsince (U3, Vady © = (U3, V4)S NY = (U3, Va)y & (U3, V) (U3, Va)y € = ¥ -
(U3, va)y S = (U1, Vv3) == (U3, V) " = ¥ = (U3, Vu)x € = (U1, v,) NY. Therefore, (Y, @y) is DIN —S.

Definition 4.31 Let (x, @) be DITS. Then space (x, @) is said to be Double intuitionistic T, —S (DIT, — S, for short) if and only if its
DIN — S and DIT; —S. (i.e, DIT, — S = DIT; — S + DIN-S).

Example 4.32 From example 3.12. Then the space (x, @) is DIT, — S, since it DIT; — S and DIN-S.

Remark 4.33 The property of being a DIT, — S is not a hereditary property, since normality is not a hereditary property.

Example 4.34 See example 3.7. Then space (¥, @) is not DIT, — S, since its DIT; — S, but not DIN-S.
Theorem 4.35 A Double I-closed subspace of DIT, — S is DIT, — S.

Proof Let (x, @) be DIT, — S and ¥ be Double I-closed subspace of y, to prove ¥ is DIT, — S, sincex it is DIT; —S — ¥ is DIT; —
S, since Y is DICS (x) and x itis DIN —S — ¥ is DIN — S ( by theorem 4.30). Therefore, ¥ is DIT, — S.

Theorem 4.36 Every DIT, — Sis DIR —S.

Proof Let (x, @) is DIT, — S — x is DIT; — S and DIN —S. Let (P, p) € x and (v;,v1)¢is DICS()); (B, p) & (v1,v1)— {(P,P)} € (q,Vv1)C
(by theorem 3.8) = {(5,5)} N (U2, v2)¢ = (@,8) (since (B,P) & (v1,v,)9). Since x is DIN — S, then there exists (vy,v;), (U, V;) €
@; (1, v1) N (U, v2) = (8,8), {(B, P} =+ (W1, V1) *=(ug, v = (U2, v2)),50 (B, B) € (Vg, V1) =+ (Vg, 1) = (U2, v2). Hence y is DIR — S.

Corollary 4.37 Every DIT, — S is DIT; — S.

Proof By the above theorem and by definition of DIT, — S. So x is DIT; — S and DIR — S. Therefore y is DIT; — S.
Remark 4.38 Every DIT, — S is DIT, — S, since every DIT, — Sis DIT; — S and every DIT; — S is DIT, — S, so that
DIT,—S - DIT3 —S --DIT, =S - DIT; —S - DIT, —S.

“«+ “«* “ “

Theorem 4.39 Every Double I-compact T, — S is DIR — S.

Proof Let (y, ¢) be DIT, — S and DI-compact, to prove yx is DIR —S. Let (§,p) € x and (vq,v) € @5 (B, ) € (1,v2) > (B, P) #
(@,8) for each (§ @) € (vy,v,)< Since x is DIT, — S, then there exist (v3,v1)@g), V2. v2) @y € @ V1,V Ga N V2. V)@ = @.9).
(since (5, D) € (W, V@G - (@ @ € (V2,v2)Gg- | have two families of DIOS(y) are {(V1,VI)GHlG@Hewyov)e and
{2 v2) @D} @a)ewyv,)c Such that all element in (uq,v;)C exists in one element of the family {(v2, v2)Gg}@gew,v,)c and every
element in the family {(v1,v1)@gm}@Hew,v,)c CONtains the element (p,5) and every (vy,vi)gq corresponding (v, v2) @G such
that (U, v)GgH N (W2,Vv2)Gs = (@.0). Therefore {(V2, Vo) @G dGaew,ov,)c it is @ Double I-open cover for (vy,v,)< ie., (vg,v,)¢
" U@gmeov,)e V2, V2) @G-+ Since (vg,v2)¢ is DIC(x) in the Double I-compact space (by hypothesis), so that (vy,v,) is a Double I-
compact space and there exists (§, )1, (§ @)z, .-.(4, @n , (1, V2)¢ = U%i=1 (U2, v2) gz Therefore {(uz,vz)(qlq)}“izlis a limited family
of DIOS(x) covers (v1,V,)S (let (v, v2) = U"i—1 (U2, V2)@Geg) on the other then hand, {(Ul"’l)(ﬁ.ﬁ)}nizlit is a finite family of
DIOS(x) and every element in this family contains (p, ). (let (uy,v1) = N%i=; (U1, Vi) @Ge): then (uy,vi) and (v, v,) are DIOS(X)
(by the second &third conditions of the definition in DITS) s.t (§,p) € (v, v1) & (U1, V)¢ = (U,,v,). Notes that (uy,v,) N (U, v,) =
(@.9) (since (ug,v4) = NPy (W, vD @) W1ve) = L)@, V1 and (g, v)gg N W2 v2) G = (@.8). Hence x is DIR —S.

Corollary 4.40 Every Double I-compact T, — S is DIT; — S.
Proof by the above theorem, by remark 3.13, and by theorem 4.39. Hence y is DIT; — S and DIR — S. Therefore y is DIT; — S.
Theorem 4.41 Every Double |-compact T, — S is DIN — S.

Proof Let (v1,V,) ¢ (u3,v4) C€ @S (U1,V5) €N (U3, vy) € = (@,8), s0 (v1,V,)S (vs,v,) are Double I-compact (by proposition 2.13).
Choose (B, B) € (U1,v5) = (,P) & (v3,v4) < then there exist (vy, V)@, V2 V2)w,vae € @5 WLV @ N Wavdegp = (@.0),
since (B, ) € (W1, v p) "= (W3, V) " * (V2,V2)w,v,)c" * *Now: “repeat this method on every element in (v, v,)<, | have a family of
DIOS(x) cover {(v1, v (B, D) € (V1,V2) € "W, VD) Ep) € @3 = (L1, V) " U pewov)e V1 V) @p)- " Since (ug,v,) © is Double
I-compact, so there exist (5, 5)1, (B, D)2, ... (B, PIns (V1,v2) = ** U%i=1 (U1, V1) pp). Also, | need a family of DIOS every element in this
family include (3, va)S{(V2,v2)i; Vi = 12,0+ (Uz,v2); € @), (V2,V2)i N (W1, V) Ep) = @9) v i =1 2..n. Say (,vq) =
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Uizt (0, v = (ug, vp)eree e (v, vi) €E@-(by a third of the definition DITS). Say (v, v,) =N%2; (UyVvy)i =
(U3, v (U, vy) €E by second of the definition DITS). Notes that, (v,v;) N(Uyvy) = (B,8) (since
(Ul, Vl)' - Uni=1 (Ullvl)(ﬁ,ﬁ) n (Uz, Vz) = nni=1 (Uz, Vz)i' = (6,6) Therefore X is DIN — S.

5. Conclusions

In this article, we received the following outcomes: we have presented an original set of the following notions: Double
intuitionisticTy =S (resp., Double intuitionisticT; —S, Double intuitionisticT, —S, Double intuitionisticT; =S, Double
intuitionisticT, —S, Double intuitionistic R —S, and Double intuitionistic N —S on DITS. Also, we investigate some of their properties
and give relations among them.
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