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| ABSTRACT

The main objective of this study is to formulate novel inequalities of the trapezoidal, mid-point, and Simpson types in
connection with an extension of the Bullen-type inequality using the concept of (s,m)-convexity. Additionally, the
investigation includes the exploration of particular cases and the application of these derived inequalities to some special
means.
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1. Introduction
Convexity is one of the simple and natural concepts. It has a significant history that goes back at least to Archimedes and has a
wide range of applications. The basic structures of this theory which play a crucial role in its advancement and applications of it
in various branches of applied and pure mathematics, particularly in the areas of optimization and theory of inequalities are
convex sets and convex functions. Following is the definition of convex function:
If a function 9: [u,v] € R — R has the property that
IAT+ (1 —D)w) <A9() + (1 — DI, (1,1
Holds for all T, € [u,v] and A € [0,1],then ¥ is said to be convex function on [u, v], see, [17]
Some researchers have generalized the notion of convex functions as follows:
Toader [21], gave the following definitions for the m- convex functions: a function 9: [0,v] - R
is called m- convex if the inequality
IAT+m(1 =) <A9() + m(1 —20)9(w), (1.2)
is true for every T, u € [0,v] and 2 in [0,1], where m € (0, 1].
Breckner [2], characterized the class of s- convex functions in the second sense as follows: a function 9: [0, ] —» R is called
s- convex in the second sense if the inequality
IAT+ (A —Dw) <259(0) + (1 — )9, (1.3)
is true for every T, u € [0,v] and 2 € [0,1], and for some fixed m € (0, 1].
Eftekhari [7], by combining the definitions of m- convex and s- convex functions, has provided the following definition for
(s,m)- convex functions: A function 9:[0,v] - R is called (s, m)- convex on [0,v] if
IAT+m(1 —Nu) < 259(1) + m(1 —A)I9(w) (1.4)

is true for every t, u € [0,v] and A € [0,1], where s, m € (0, 1]2.
More details on numerous classes of convex functions can be found in [2, 9, 15, 21, 25] and in the references therein.
The Hermite-Hadamard inequality
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u+v 1 (v I(u) +9()
19( 2 )SmLﬁ(f)deT, (1.5)

is one that derives from the use of the convexity concept and is a foundation of the modern theory of inequalities, see
[5,11,18,17].
There are numerous improvements to the above inequality in literature. The following improvement to the inequality (1.5) has
been proposed by Bullen [3].

u+v 1 v 1 u+vy 9w +9W)
19( > )Sm-f;ﬁ(f)dfﬁz[ﬁ( 2 >+ 2 . (1.6)
The second inequality in (1.6) is referred to as a Bullen-type inequality in the literature.
Bullen [3], also established the following inequality for 4-convex and integrable functions
on [-1,1].
1t 1
Ef 8(6) df < Z[9(-1) +49(0) + 9(1)].
-1
In general, if a function 9 has a fourth derivative on (u, v) such that
9| = supsequum [9®(©)] < oo, then
v 1 u+v (U_u)5||19(4)||
J— - < - = == ® .
fuﬁ(g‘)df 6[19(u)+419< i )+19(v)”_ s .7

See [6].

The inequality (1.7), known as Simpson- type inequality been improved and generalized by using a variety of
approaches; for more information, see[1,8,12,13,19,26].
Tseng et al. [22], derived the following Hermite-Hadamard-type inequality, which improves the in-equality (1.5).

o() =2l (5 o ()

<(=) [0 ae
1 [19 (u + v) N <19(u) + ﬁ(u))] <ul9(u) + 19(U).

< =

—2 2 2 - 2
The reader can see [10, 16, 23, 24], for further details concerning the second and third inequalities in (1.8).
In [14], the following generalization of (1.8) and several associated inequalities are presented.

ﬁ(u:w>+19(w:u)< ! J:)ﬁ(é’)dﬂ ﬁf:ﬁ(é’)df

Tw—u

(1.8)

9(w) +9W)

<9(w) + — (1.9)

where w € [u,v].

The inequality (1.9) has been recently proved for s-convex functions in [20], and inequalities associated with (1.9) have been
obtained through various types of convexity.

The aim of this paper is to establish some new inequalities associated with (1.9) and (1.8), via (s, m)- convexity. Applying the
obtained results in this work we derive new inequalities for some special functions.

We expect that the methods and ideas in this paper will encourage the reader to conduct further study in this field.

2. INEQUALITIES OF THE TRAPEZOID TYPE

To determine the error bounds via (s, m)- convexity for the inequalities of the trapezoidal, midpoint,

Bullen, and Simpson types associated with (1.9) and (1.8), we first review the definition of the beta function as it is stated in [4].
Letx > 0 and y > 0, then the function beta is defined by

1
Blxy) = j 11— Y1 dg
0

LD \where T is the classical gamma function.

T'(x+y)
Lemma?2.1. Assume that 9: [u,v] € R - R is a differentiable function on (u, v).
If 9" € [u, v],where u < v, then for every w € [u, v], the following equality holds:

1 @ 1 v
o0 o [ ae- ot +

and (x,y) =

I(u) +9(v)
2

w;ufl(l—r) [ﬁ’(ru;w+(1—T)u)—ﬂ’(ru;w+(1—r)w)] dt
0
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)-o (“)TJ’“ +a-)|dar. @D

1
- +
+U wf 1-17 [19’(1
4 0
Proof. Using integration by parts we have

w;ufl(l__[) [ﬁ,(ru+w
0
U_wfl(l 0 [19,

)— '( u-|2- +(1- T)a))] dt

>—ﬂ'<f‘°;” o) a

—219(u)
{ (a) u)f + 1- T)u) dt 1}
4 219(a))
kw ” (w u)_f +(1—T)a))drj
(— 219(w)
+v w (v w),f + - T)U) L
4 219(1}) (v u),f + a- ‘L')U) dt J

Applylng the varlable changing rule we get

w;uj:(l—r) [ﬁ’(ru;w
+U;wJ:(1—T) [ﬁ’(rw+v

() +9(w) 1 9(w) +9() N 1

= > +w_ufu 9(§) dé — 5 v_wfwﬁ(s‘)ds‘-

This completes the proof. o
Theorem 2.1. Suppose that 0 < u < v and 9: [u%] — R is a differentiable function on (u%) where m € (0,1].If9' €

)— ( u-lz-w+(1 T)w)] dt

)— ’< w:U+(1 T)'U)] dt

L [u, %] and |9’ is(s,m) — convex on[u, %] with s € (0,1], then for every w € [u,v], the following inequality

w 1 v 9 9
Lf ﬁ(f)d§+mf ﬁ({)d{—[ﬁ(w)+ (u); @)

w—uj,

Sl{@u)(z [ (52)[ 86 + 122+ mpcrs + 2 (Jo ()] + Iﬁ'(:‘;)l))}

+w-0) (2] (9] 86+ 1.2+ mpcts+ 2 ([ (2)] + o (2))

is fulfilled.
Proof. From Lemma 2.1 and using the (s, m) convexity of 9’| on [u, %] we get

1@ 1 (v () +9@)
[ [ o a2 [ o0 ae - ot + 15

S%Llll—rl ”19’ (T ) + |9 (Tu—;w+(1—r)w>” dt
+U;wjolll—rl [|19’(T + - w) +19(Tw;U+(1—T)U>” dt

-17) ) + (9 (Tu+w+m(1—r)%>” drt

+ |9 ‘[w U+m(1—r)£ dt
2 m

3=

2 oo
+U;wj01(1—r) [|19’(T +

w_u{( ’19'(u+w |f1(1—r)rs dr+m|o( % |f01(1—r)rs+1 dr+m|ﬁ'(%)|];l(1—f)15+l dr)}

3le

IA

4

i ‘”)( % (“*‘“ aermlor () [ 00t as e mlor (D) [ - ore dT)
0 0
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ol
L+(u - ) (2 |19'<

B =
_A_

This ends the proof.

Theorem 2.2. Suppose that 0 < u <wv and ¥I: [u%] - R, is a differentiable function on (u.

L [u,%] and for any p > 1,|9'|P is (s,m) — convex on[

1 @ 1 v
o o0+ 2o [ owae-

)|ﬁ(s+ 1,2) + mp(1, s+2)(|19

>|ﬁ(s+12)+mﬁ(1 s+2)( |19

[19( )+ 19(u) +9(v)

where =+ =1.
pou
Proof. Using Lemma 2.1 and Holder's inequality, we get

1 (e 1V (W) + ()
o [ ae s 2o [ o0 ae - o) + 15

w-—u (* S utw
< fll—ﬂ”ﬁ (T +(1—T)u>|+
x 2

I+

U+ Y
9’ (T +(1- T)u)| dt

+U;wJ:|1—TI [|19’(rw;U
3 (- (f;a-o* dT)‘l‘{ (fol

4 U_(Ol

19’<T

Lo (Jfa-o# ar) (J;
4 1 v
U_ <+ ! (T
Applying the (s, m) — convexity of [9']? on [u, %] yields
19(u) +9()

1 @ 1 v
o oo 25 [ ﬁ(f)df—[ﬁ( )+

IC <“+‘°>

(wui

UEES A

2
+

w—meﬁﬁﬂh%
(Jo(

o (N emfo (BFY (o))
| @”K| zt+1|<|> C e

o () +m o G

r(ere)|? (2)°\?
4@@Kw<z{17wgn> <

u+w

1 v+t w p %
19<T > - )| dt

% dt +m|19

v+w)’P folrs dr +m|19’(%)|pf01(1—1)5 drt

U;w)’pflrs dr +m|19’ (%)rfl(l - 1) dr)
0 0

p
s+1 )

|z9'( u+aw
L)

2

2

> +(1- T)u>|p d1>%

4 ViR
2w+(1—r)v)| dr>

f(l ‘L’)Sd‘[)

5 dt +m|19’ - | f (1—T)Sdr)
0

I
)

\:I>—l

|l G)D)
o (3)N))

v ’
;),where me (0,1].1f9" €

u%] withs € (0, 1], then for every w € [u,v], we have

4

|

+(1- T)(.U)” dt

|19’( w+u+(1 ‘L')U)” dt

O

» (23)
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1

" (wu)[<lﬂ' (5 el G (b (W)'S:n'ﬁl(%)'pf

o [(' (ol Y (b ” |

Theorem 2.3. Suppose that 0 < u < v and 9: [u%] - R, is a differentiable function on (u%) ,wherem € (0,1].If9' €
L [u%] and , |9'|? is (s,m) — convex for p=>1 on[u,%], with s € (0, 1], then for every w € [u,v], the following inequality

1 (e 1 (v I(w) + ()
o [ o0+ 2 [ o as - [otwr + 25

This completes the proof. O

ORI j( (I (52) s+ 1204 mlor (B w2 ) l
4 | L (Ut w\|P ’
[+l (5

)| Bls+12) +m|o’ (%)r B(1s+ 2))pJ
(

0 )
(1)1-§(v_w)$ (|19' (HT“’)F,B(H1,2)+m|z9'(%)|pﬁ(1,s+2)) '
L) v

4 3.L (2.4)
l <|19 (U+“’)| ,3(5+1,2)+m|l9,(%)|pﬁ(1‘s+2))p}|

is true

Proof. From Lemma 2.1 and using the power- mean inequality, we have

1 Iw) +9W)
o [Co0 s 2 [ @ ae - [otwr + 25

fll T|[|l9 u+w+(1—‘r)u>|+|z9'( uto

T— +(1- T)w)” dt
“Z Jy=ello (- )|+|19’(fwz+v =)
((u W f(l 0 dr > <[ 1-1) |19 B >|p dr)E

2 RV
+<J; 1- ‘r)|19 (‘L’ +(1—T)¢U>| dT)

1
|df> Jf

1 (e 1Y () +9@)
o [0 2 [ @ ae - ot + 225

(w u)(f(l T)d‘[ p( f(l T)|19’(T”+w

4 1& ([ a-ol(*

Applying the (s, m) — convexity of [9']? on [u,1 provides
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1

l/’ﬁ’(u_l_w pfl(l—r)rsdr\lz
G)l_% (@ — ) \+m |19 J- (1 —7)stt d‘r/

<=2 1
4 u+a) »
(l—r)rsdr\

\+m |19 J- (1—1)stt dr/

1

(|19 v+w| J'(l_r)l.sdrw

4 Lot oy . ’
+(f0 19( 5 )|1(1—‘[)T dr
\+m |19’ (%)rj; (1-17)s*t d‘[/

]| (P o2 emp () s |

4

)
1-2 ( <|19' (HTw)rﬁ(s +1,2) +m o’ (%)r B(1,s + 2)) ]

B 6w

( v+ w\|°
+ |19'(

)| B(s+12) +mlo’ (%)r’ B(1,s + 2))
This ends the proof. O

Corollary 2.1. If we select w = MTH) in Theorem 2.1. then we get the following Bullen-type inequality

|%J:19(§) g+ %[19 (u + u) d(uw) + 19(1))]

i <|19 (u+w>| ﬁ(s+1,2)+m|19( )| B(ls+2) t

2 2
- M |19 ( )| B(s +1,2)
- 16 +mp(1,s +2) (|19' (% +2 |19' (u;nv)| + o (%)D

Corollary 2.2. If we select w = MTH) in Theorem 2.2. then the inequality (2.3), leads the following Bullen-type inequality.

|%j:19(§) g %[19 (u + u) d(w) + 19(1))]

2 2

1 <Iﬁ (o &)I")Z N (Iﬂ’ 5+ mle (5 )
(U_u)(lw) s+1 s+1

<Iﬁ ) mlo (5 ) (Iﬂ )+ mlo () >

s+1

<
8
s+1
Corollary 2.3. The following Bullen-type inequality obtains from the inequality (2.3) if we choose w = uTJrU in Theorem 2.3.

f:ﬁ({) g — %[19 (u -2|- u) N 9(w) -zl-ﬂ(v)]

v—u
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2

+<|19’<3v

Corollary 2.4. If p = 1in Theorem 2.4.then inequality (2.4),

3. INEQUALITIES OF THE MIDPOINT TYPE

<|19,(3u+w p
4
m +<|ﬁ'(3u:v)| ,3(S+12)+m|z9(

+(p(ﬁjuﬂﬁg+1@+mp(

1

)| B(s+12) +mlo’ (ﬁ)|pﬁ(1,s + 2))2

)| B, s+2))

)| B(Ls+2))

:u>‘pﬁ(s+l,2)+m|19 ( )| ﬁ(ls+2)>;

leads to (2.2).

Lemma 3.1. Assume that 9: [u,v] € R — R is a differentiable function on (u,v) .If 9’ € L[u,v], where u < v, then for every w €

[u, v], the following equality holds:
U+ w o+ 1 @ 1 @
19( 2 >+19< 2 )_[w u_Ll9(§)d§_|_v—a)_[l19((’e

=w_uflr[19' T
+%f011'[19’( w+v+ 1 —r)w) (‘rw—w+(1 —r)v)]

Proof. Applying mtegratlon by parts, we obtain
1 u+w
+(1- T)u> -9 <T

_a)—uf [19,( u+w
=2 OT T

o (22 ) (22 o)
M—Lflﬁ’ (THT(U+ (1 —‘L')u)dr
0

w—u w—Uu w—u

4 219(u+w) L_r&’( u+tw

Uu—w u—ow)l,
+
20(2%) 2 1 vte
7——f 19’(1—+(1—T)(u)dr
V—w vV—w v/ 2

4 29 (Ve 1
2 +
—L+—f 19’<T¥+(1—T)U)d‘[

-v w-v),
Using the variable-changing rule, we get

=w;uflr[ﬁ’(ru+w+(1—r)u)—19’(1'u+w
0
+v_—("flr[19’( w—+v+ (1 —T)w) ( w+v+ (1—1-)1;)]

_ 419(u+w) 4 Utw 4
=w4u w-u (- u)zf ﬁ(f)df_ﬁf

)df]

)—ﬁ'(ru—;w+(1—r)w)] dt

(3.1)

+(1- T)(/J)] dt

TT-I- 1- T)w) dt

+(1- T)a))] dt

9(§) ds‘}

+U;w{4i(—w)_( = RRCE = Madf]

This completes the proof. O

Theorem 3.1. Suppose that 0 < u < v and 9: [u%] - R, is differentiable function on (u

L [u%] and , |9'| is (s,m) — convex on[u,%],

(5o (*3)- 52

_ L " o6 de + ﬁ J:ﬁ

€3] ds‘]

v 14
’E)' where m € (0,1].If9’ €

with s € (0, 1], then for every w € [u,v], the following inequality:
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>|B(s+21)+mﬁ(25+1)(| (:1 ::’l|>

<

!((w —u) (2 |z9' <u

L(U —w) (2 |19' (U J; w>| B(s +21) +mpB(2,s+1) (|19’ (:: :l | >

e

[
J

is true.
Proof. From Lemma 3.1 and using the (s, m) — convexity of [9'| on [u, %] we get

o(5) ro (55 L,iu— [(oorae sz o

Sw;uflr ( )| |19’( u—lz_w+(1—r)w>H dt
_@ T | '( w+v+(1—‘r)w)|+|19'(1'w;v+(1—r)v)” dt
0
o u{(2| o (S0 [ e drml () [ v -0 dJ}
4 1
k +m|19 )|f0 t(1—1)5 dt J
w{fz ()| [ e dT+m|ar(%)|f02<1_T>s M}
4 1
k +m |19 U- t(1—-1)5 dr J
[w@=0 (el (52 s+ 20 e mscs+ 0l ()| + [ ()

:_i(v—w)( |19( )|ﬂ(5+z1)+mﬁ(2 5+1)(| (:l)|+|19(%) >

This ends the proof. O
Theorem 3.2. Suppose that 0 < u < v and 9: [u%] - R, is a differentiable function on (u%) where m € (0,1]. If9' €

L [u%] and for any p > 1,[9'|?is (s,m) — convex on[u,%], with s € (0, 1], then for every w € [u,v], we have

ﬁ(u;w)+19(w+v)—[ ! Lwﬁ(f)d§+ﬁf:19(€)d§ |

2 w—u
+m|19

1

u+w p

|19

s+1

(w—u)

I~

u+w

©

w\ |P
|19 +m|z9’(z)|

(L),% s+1

(3.3)

|
S
N

v+w

oI

w\|P
|19 +m|z9’(z)|

s+1
+( — w)

v+w

pp
|19

+m|19

s+1

where 2 +1=1.
wop

Proof. Using Lemma 3.1 and Holder's inequality, we get

(5o () o[ v g oo |
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|+

Applying the (s,m) —

er[ (€
+([

L[
ooty (]

o=

19’( u-IZ- +(1- r)u)|p d‘r)

|
o (2 o) df)% j

2

=

1

ﬁ’(rw;v +( —T)a))|p dr)

(fol 19'(1“’;” - )|p dr>%

. "e v .
convexity of [9'|P on [u,m] gives

2

w-w(f| (o 5)
|19

2

<
4

+

(o [
w-o () (2 (”“")

4 ( v+w

()oY - [ ros s [ow]|
pfo 5 dt +m|19' (%)rfol(l i dr); \L
5 dt +m|19' (%)rfol(l -0’ dT)EJ

8 (5 4 m]8 G

5 dt +m|19 )|pf1(1 —-1)8 dr); \L

0

5 dt +m|19' (%)rfl(l —-1)5 dr);J
0

o=
J

s+1

(0—w) <|’9(u+w)|p+m|g(;)|”>2 <

N
-:|
+ | »
AN
—
® IR

4 - 1

s+1

85+ m 19 ()

)|,,> |

s+1

o) (Iﬂ(’”%)l”mlﬂ%)l) <

This completes the proof.
Theorem 3.3. Suppose that 0 <u <v and 9: [u%] — R, is a differentiable function on (u%) .

s+1

14

P);
]

where

me (0,1]. fde [u%] and, []” is (s, m) - convex forp = 1 on [u%] with € (0,1] , then for every w € [u,v], the following

inequality

o (£22) + 0 (42) - [ 22 i 062 + % [ oo |

(w—u)
N
L@
- 4
+(—w)
is fulfilled.

; (u;w)’p/;(s +21) +mld (5)|pp’(2 s+ 1))5

<
HEE:
(o

)| ﬁ(s+21)+m|19( )| B(2, s+1)>

)| B(s+21)+m|19( )| B(2, s+1));

)’p B(s +21) +ml|f (%)r) B(2,s+ 1)),,

+ |19(v+w
| 2

Proof. From Lemma (3.1) and using the power-mean inequality, we have

19(u+ou)+l9(ou+v
2 2

)- [wiufﬁ@)dﬂﬁjﬁ(adﬂ

(3.4)
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=[]

(w—u) Td‘[
S i
K

+

1

oo (g | (L f
+([

Applying the (s, m)-convexity of [§]° on

TEEMETRE
oo @) j (20 [

l+<|19(u+w
+Kv—w)6f% ((P<U+w|
4 kJr(|l9(u+w

(w—uw)

* <|19 (v +

+(v—w)

This ends the proof.

9 (3u+v) +9 (u:3v) 1 v
2

u

é(rvzw>+(1—r)w|pdr>p\

|19<u+w p
2

On (e

( u+w)+(1—r)u|pd‘r>% ]
u+w ;

> )+(1—‘r)w|pd‘r>;J

1

1

9 (Tv-lz_w) +( —‘L')U|p dt >;J

[u, %] provides

ufﬁ@ﬂf+;};fﬁ@ﬂf”

p 1 %
|f S+1dT+m|19 )| fr(l—r)ﬂir)
0
1
P

f s+1d‘[+m|l9 )|pf11'(1—1-)5dr>
0

I~

p rl b
|f S+1d‘r+m|19 )| f‘r(l—r)sdr>
0

1 4

)| B(s+21)+m |é (i)|pﬁ(z,s + 1)),,

)| ﬁ(s+21)+m|19( )| B2, s+1)>

w

_uJMSﬂ‘

(

_o-w 28 +2.1) (|9
- +mp(2, s+1)< ‘19(

8

N )
ey M )

)| ﬁ(s+21)+m|19( )| B2, s+1));

)| B(s+2,1) +mld (%)|pﬁ(2,s + 1));

4 |19(v+a) p
2

Corollary 3.1. If we select w = uTJrU in Theorem (3.1) , then we get the following inequality related to (1.8).

Corollary 3.2. If we select w = T in Theorem (3.2), then the inequality (3.3), leads to the following

Inequality associated with (1.8)

o(5) ()

2

u

iufﬂﬁﬂ
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1 <Iﬁ(3“:”)”+mlé(%)lp>%+<lé(3“f”)”+m|ﬁ(%)”>%
s+1 s+1

<| () psi " 6 (422) P)E <| s S :"|'9 o p)z

Corollary 3.3. The following inequality associated with (1.8), obtains from the inequality (3.3), if we
Choose w = uzﬁ in Theorem (3.3).
9 (3u+v) +9 (u+3v) 1 v
4 4
- — [t

u

1

<|19 (3u4+ U)|p B(s +21) +ml (%)|p B(2.s + 1)),,

! >| B2, s+1))

_ i +<|19 (uzgv)|pﬁ(s+2,1) +m|1§ (u;nv>|pﬁ(2,s+ 1));

+3 L (UN|P g
<|19 (u U)| B(s +21) +ml (%)| [?(2,5+1)>
Corollary 3.4. If p =1 in Theorem (3.3), then the inequality (3,4), reduces to (3.2).

_o-w (1)1—% +<|19(3u4+u>| ﬁ(s+21)+m|19( ’

4. INEQUALITIES OF THE SIMPSON TYPE

In this section, in order to obtain Simpson-type inequalities related to (1.9). We need to prove the following Lemma.
Lemma 4.1. Let 9: [u,v] € R — R be a differentiable function on (u,v). If eL[u,v], where u < v, then for every we[u,v] , the
following equality holds:

%[w(”*“’) 20 (2% + 90 + ‘9(”)“9(“)] [ ﬁ(f)df+—fz9(f)df]

2

{f 30— 14z Lo —T)u)dr+f1(1—3f)19<fu;w —r)w)dr}
0
{J(?)r—l)ﬁ( f(1—3r)19( zw )df}- (4.1

Proof. From Lemma (2.1) and (3.1) respectively, we have

%[19((») +19(u) -21-19(11)]_ %lwiufg(g)d§+ ﬁfﬁ(f)di ]
=w1_2uf(1—r)[19(r )—( -Iz—a) —T)u)]dr
0
v-o [ )_( ”; +(1—T)w)] : (4.2)

an
3[<u+w)+’9<w+v - %[ﬁfﬁ(f)dﬂ ﬁfﬁ(f)d{]

1
g u+w . utw
Y- ufZT +(1—1')u)—19(1'
0

> + (1- T)m)] dt
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)—’( U;w+(1—r)v>]dr (4.3)

0
Adding (4.2) and (4.3) and ordering the resulting equality yields the desired identity. ]

1
u 2T ’<T

Theorem 4.1. Suppose that 0 < u < v and 9: [u%] — R is a differentiable function on (u%) ,wherem e (0,1]. fd €L [u%]

and [9] is (s,m) -convex on [u,i] , with € (0,1], then for every w € [u,v], the following inequality

%[219(u-’2-w)+219( ;' )+19( )+ ﬁ(u)-zl-ﬁ(v)]_[wiufﬁ(g)d§+ ﬁfﬁ(f)df ”

((w_u) (4-><351+4-s+2)|19(u+w)| ]

e soxa o (9 Gl PG |
=)

= 12(s24+3s+2) (4.4)

(4x37s” 1+4—s+2)|19(
+m(s + 8% 375~ 1—1)(|19(E)| |19( )D
is true.

Proof. From Lemma (4.1) and using the (s, m) —convexity of |§| on [u, %] , we get

1 219(u+w)+219(°’_'H’)+19(w)+19(u)-2|-z9(v)]_[wiuj?ﬁ(g)d.f+ ﬁfﬁ(f)df ”

+(v—w) i

|
|

3 2 2

1 1
L8t f|3 1||19( uto )d +f|3 1||f§( uto >|d
= 12 T T 2 T T T 2 T
0 0
1 1
+'U—(1) f|3 1||1§( v+ w )| f|3 1||19( v+ w )|d
12 T T 2 T T 2 T
0
1

0

1

u +w ‘
|19( f(l —3t)tSdt + f(3t — Dtsdr
0

< wl_zu +m |19(%)| <f(1 —30)(1 - £)dr + j(3t— D - t)sd‘[>
0 1
+m |19 f(1 —36)(1 - t)%dr + f(3t — 11 - t)%de
2 |19 U * w | <J(1 —3t)t5dt + j(3t - 1)t5dr>

2 am |9 (2) f(1 ~30(1 - 0)Sdr + f(st — 1)1 - Ddr
m (= |\J(1 —30(1- t)dr + j(3t— DA - t)sd‘[>
( u+w 2><3‘5‘1+25+1g \

wou| 2P GIDG+2)

12 +8x3771 -1, )
meroera (I
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( 2’ (v+(u)2><351+25+1 ]
v a){ (s+1(s+2) }
12 s+8x351—-1,,
" G DGe+2) (|19( |+ |19 )
This ends the proof. ]
Theorem 4.2. Suppose that 0 < u < v and 9: [u%] — R is a differentiable function on (u%) ,wherem € (0,1]. If d € L [u%]

and foranyp > 1, |19|p is (s,m) -convex on [u 3] with € (0 1], then for every w € [u,v], we have

l[zg(“;“’)m( ; )+19( )+ '9(”)+'9(”)] [ ﬁ(g)d§+v—fﬁ(f)df ”

3

1+211H p
3 (32=) (BGs + 1L,1))

3(1+w)
- 12

1

o) l<|é<uzw)|p+m|é(7“;) >;+(|19(U+w)| +m|19(%)|pﬂ

)

[0 [(é(“:"’>"+ms(i)")i(é(”;“)l’%mé<:>”>;‘i
- (4.5)

Where = +1 =1.
uoop

Proof. Using Lemma (4.1) and Holders inequality, we obtain

o) 20 (23 oy 4 L0200 | L

fm 8(O)E + —— f 81 ”
)

(f |37 — 1|“d)“ (f |19( u+w)+(1 T)u| dr)pl

k+(f |19( quw)+(1 r)w| dr ?)

(06 (+222) + (@ - 0| ar) l
(+ (fo |19 (Tw—w +(1 T)U )
Applying the (s, m) —convexity of [4|” on [ ] prowdes

1 i) i)
5 2ﬁ(u;w)+219(w;v)+19(w)+ @+ (“)] [ ﬁ(f)d§+ nfﬂ(f)df ”

N——

+%(f01|3 — 1|t dr )“

< _<_>{ (o o 5 -9
= 12 \3(1+p) 1
(|1‘§ (u+w)|p fl 5dr+m |1§ (%)r fol 1-19 drl)p)
e i { [((6Ef e arem]s (2 )|”pf; a- df)i\
+(|19(U+Tw)| fo Tsdr+m|19(—) Y- S)dT)pJ 1 1
:a%(;(%im) (ms“n)o{(\a(“*“’)\ +m|s(%)|")”+(\g(“;“’)|p+m|g(§)|”>"}
TS (ﬁ) (G + 1) {(|ﬁ<““’>| enls () + (o () +m|ﬁ<%>|”>;}-

This completes the proof. u
Theorem 4.3. Suppose that 0 < u < v and 9: [u%] — R is a differentiable function on (u%) ,wherem e (0,1]. fd €L [u%]

and, 4| is (s,m) -convexforp>1 on [u%] , with € (0,1], then for every w € [u,v], the following inequality
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%Pa(”;w) 20 (“22) +-0(w) + 0“0+0@)] [ ﬁ@ﬁﬁ+-———fﬂ@ﬁﬁ]

1
T P2><351+25+1 _ UNPS+H8X375T125 -1 \p
X +m|z9(—)|
2 s+ 1D(s+2) m (s+1)(s+2)
(w—u)

12 |19<u+w)|"2><3‘5‘1+2s+1+ |l§(w)|Ps+8x3‘s‘125—1 »
@ e PG TErneeo .
- 12 [ (1 vt P2x35 1 425+ 1 L NPS+HB8X 375125 -1 \p
5 (") +mld ()
2 (s+1(s+2) m (s+1(s+2)
(U_(‘)) 1
N |19(v+w)|"2x3 s 1+25+1+ |19(u)|Ps+8><3‘s‘125—1 b
i 2 G+DG+2) VW T eEDG+2)
Is fulfilled.
Proof. From Lemma (4.1) and using the power-mean inequality, we gain
IW+I9 () ® v
[3[20 (45%) + 20 (5%) + 0@ + 522 | - [T I 0 + 25 [0 )ds ||
1 ut+w P %
o 1-1 (f [1— 37| |19 (T—)+(1—T)u| dr)
Sv(folll—&ldr) p 0 )
+(f01 [1-31] |19( u+m)+(1—r)a)| dr)}
( 1 4 v+w \
o -1 [711=37] |9 +(1-1ow| dr
s -amay | (- sl o)
k+( [1— 37| |19(‘[v+—w)+(1—1')v| )pJ
Applying the (s, m) —convexity of |4]|” on [u,% yields
13) [2) I(w)+9 ()
5[20 (22) + 20 (%) + 9(w) + 2220 | - [ [ 9(9)dg + [T 0(9)d¢ ||
+ 1 i p rl >
) 1 |g(“ “’ f|(1—3r)|ﬁdf+m|19(3)| f|(1—31)|(1—1)5d‘r ’
w—u o m/l ),
< f|1—3r| dt )
12\ u+a) Pt °
+<|19( | f|(1—3r)|‘r5d‘r+m|19 )| fl(l—’a"r)l(l—r)sd‘r)
0
+ p ot ’
i - (|ﬁ<“ ol f|(1—3r)|r5dr+m|19 ) f|(1—3r)|(1—r)5d1)p
—(f |1—31|d1> 1
0 v+a)
+]9(5 J|(1—3T)|Tsdr+m|19 f|(1—3r)|(1—r)5dr J
Ut w\|2X35 425+ 1 o unNPs+8x3757—1 5 )
_usyt] ([PCF) el (O T
_w u(S) b 2 (s+1D(s+2) m (s+1D(s+2)
t2 e [, |19(u+w)|2><3‘5‘1+25+1+ |l§(w)|l’s+8x3‘s‘1— o
k 2 (s+1D(s+2) g b (s+1D(s+2) J
. |19<u+w)|2><351+25+1+ |1§(a))|l’s+8x3‘5‘1—15]
+v —w (5)17 2 (s+1D(s+2) g b (s+1D(s+2)
1236 + ’5(v+(u)’2x3_5—1+25+1+ |19( )|Ps+8><351—1
2 G+nG+2) PG T DG +2)
This end the proof. ]
Corollary 4.1. The following Simpson type inequality related to (1.8), obtains from the inequality (4.3), if we choose w = ey
in Theorem (4.1).

L (CERC) 3 ) 203000 | oo
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( (4X3‘S‘1+4s+2)|1§(

1 4
e {' dmls +8x 37 = D] (L)) + [ (42)

= iGrrast) | F(4 X351 +45+2) |19 (“
(+m(s +8x 351 1) |19 (“*”) |19 (%)

Corollary 4.2. If we select w = T in Theorem (4.2) , we get the following Simpson type inequality associated with (1.8).

1

[z (ﬁ(“*”):ﬁ(“_m)) 1 (9 (1) 4 20200 ] - = o ]‘
Teml ()

(o 22 o
1 1
s |+ (8 +mfs (22) )
- 48 1
() 4o ()Y

H(lo(E) +mls (Y

Corollary 4.3. If we take w = % in Theorem (4.3) , then the inequality (4.6), reduces to the following

following Simpson type inequality associated with (1.8).

3u+v u+3v

() ) ) |- o]

(6 (o) 2oy g (1) tzes
;mg%%WTT%%%iIW$“ﬁmﬁf
H e e (S S )
(j () e g () sz

Corollary 4.4. If p = 1 in Theorem (4.3) , then the inequality (4.6), leads to (4.4).
5. APPLICATIONS TO MEANS

Let u and v bet two positive real numbers. The arithmetic, logarithmic, and generalized logarithmic
means are, respectively, given below for every pair of positive real numbers, v and v.

u+v
Alu,v) = 5
v—u
L(u,v) = , UFuv,
Inv—Inu

_ Ur+1 _ ur+1 %
L.(u,v) = <m> , r#—=10-"
See, (26).

Hudzik and Maligranda provided the following example in (9).

Let p,q,r € Rand s € (0,1), then the function
P if =0,
9() = { . d

gs*+r if  £>0,
is (s,1)-convex if g =0, and 0 <r <p.

Applying the Theorems(2,2), (3,2), (2,3), and (3,3), to 9(¢) = i—j where s € (0,1), respectively, yields the following inequalities
for special means.

Proposition 5.1. Suppose that 0 < u <wv and s € (0,1).If p > 1, with ps € (0,1), then for every w € [u,v], we have
[[L53 (w 0) + L (w,0) = (A, ) + A(0* 0o ) )]
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. S
APS(u, @) + uPS\e  [APS(u, @) + wPS\’

1 | @-w s+1 + s+1

(S+1)(m)ﬂ
S : ;
APS(w,v) + wPs\r AP (w,v) + vPS
+( —w) (@v) + (@)
s+1 s+1

and

1

|(AS+1(u,a) )+ A5 (w,v)) — (Lﬁﬂ(u. w) + L3 (w, v))|

I+

APS(u, w) + uPs
s+1

AP (u, w) + wPs
s+1

(w—w) <

I~

6+ ()"

4

ﬂ

APS(w,v) + wPSs

+(v —w) (

» (APS(w,v) +UPS
+
s+1
Where 2+ 1 =1.
uoop

s+1
Proposition 5.2. Suppose that 0 <u <wv and s € (0,1). If p =1, with ps € (0,1), then for every w € [u,v], the
Following inequality holds:

51 0) + L33 (@,0) = (@S, %) + A, 0]

1-2 .
_6HDE) @0 (a6 4 12475 w) + B + 20
B 4 (B(s + 1,249, ) + B(Ls + Dah*)o

1-1 X
(s+1) (%) "v-w) (B(s +1,2)A75(w,v) + B(1,s + 2)wPS)»

+ 1
4 (B(s + 1,2)4P(w,v) + B(1, s + 2)vPs)s

and
A () + 4 (w,0) - (L) + L3 (w,) )|

((ﬁ(s +2,1)AP5(u, w) + B(2,s + 1))%11"5);
(w—u)

D=

+ ((3(5 +2,1)A°%(u, ) + (2,5 + 1))%(»”5)

1

((ﬁ(s + 2,1)AP5(w,v) + B(2,s + 1))%%)5

@
4

+(v—w) 1

+ ((/i’(s +2,)47 (w,v) + B(2,s + 1))%%)"

5. Conclusion

In this study, we have established new trapezoidal, midpoint, Bullen, and Simpson types of inequalities related to (1.9) , using
the existing identities in the literature in the literature and (s, m)-convexity. We have derived some inequalities associated with
(1.8), by putting w = uzﬁ in the resulting inequalities. Applying the derived inequalities, we have investigated some inequalities
for special means. We hope that the ideas and approaches presented in this study will motivate interested readers who are
working in this area.
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