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| ABSTRACT

Let R be a commutative ring with unity, M a module over R and let S be a G—set for a finite group G. We define a set MS to be
the set of elements expressed as the formal finite sum of the form Y. mgs where mg € M. The set MS is a module over the
group ring RG under the addition and the scalar multiplication similar to the RG-module MG. With this notion, we not only
generalize but also unify the theories of both, the group algebra and the group module, and we also establish some significant
properties of (MS)g¢. In particular, we describe a method for decomposing a given RG-module MS as a direct sum of RG-
submodules. Furthermore, we prove the semisimplicity problem of (MS)g; with regard to the properties of Mg, S and G.
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1. Introduction

Throughout this paper, G is a finite group with identity element e, R is a commutative ring with unity 1, M is an R—-module, RG is
the group ring, H < G denotes that H is a subgroup of G and S is a G-set with a group action of G on S. If N is an R—submodule
of M, it is denoted by N < Mp.

MS denote the set of all formal expression of the form Y,;csms s where mg; € M and mg = 0 for almost every s. For elements pu =
YisesMs S, N = DsesNs S € MS, by writing u = n we mean my; = ng forall s € S.

We define the sum in MS componentwise

M+17=Z(ms+ns)5-

SES
It is clear that MS is an R-module with the sum defined above and the scalar product of };csms s by r € R that is Y ses (rmy) s.

For p = Y 4ec 7y g € RG, the scalar product of Ygesmg s by p is
pu = ng ms(gs), gs=s'€S,
SES
= Z mgy s’ € MS.

s'es
It is easy to check that MS is a left module over RG, and also as an R—-module, it is denoted by (MS)z; and (MS)g, respectively.
The RG-module MS is called G—set module of S by M over RG. It is clear that MS is also a G—set. If S is a G—set and H is a subgroup
of G, then S is also an H-set and MS is an RH—-module. In addition, if S is a G—set and a group, and M = R, then it is easy to verify
that RS is a group algebra. On the other hand, if a group acts on itself by multiplication then naturally, we have (MS) gz = (MG)g¢.
Since there is a bijective correspondence between the set of actions of G on a set S and the set of homomorphisms from G to X
(Zs is the group of permutations on S), the G—set modules is a large class of RG—-modules and we would say that (MG) ¢ Introduced
in (Kosan et al., 2014) considering the group acting itself by multiplication is the first example of the G—set modules. That is why
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the notion of the RG—-module MS presents a generalization of the structure and discussions of RG—-module MG and some principal
module-theoretic questions arise out of the structure of (MS)g¢. Therefore, this new concept generalizes not only the group ring
(see Anderson & Fuller, 2012; Connell, 1963; Karpilovsky, 1986; Passi, 1979, Passmann, 2011; Shen, 2018) and group algebra (see
Alperin & Rowen, 1995; Curtis & Reiner, 1983; Milies & Sehgal, 2002) but also the group module (see Kosan et al. 2014; Kosan &
Zemlicka, 2020; Ones et al., 2020; Uc et al,, 2016; Uc & Alkan, 2017), and also unifies the theory of these concepts.

The purpose of this paper is to introduce the concept of the RG—module MS, and show the close connection between the properties
of (MS)gg, Mg, S and G. The semisimplicity of (MS)g; with regard to the properties of Mg, S and G and the decomposition of
(MS)gg into RG-submodules will occupy a significant portion of this paper. In Section 1, we present some examples and some
properties of (MS)gs to show that an R—module can be extended to RG—modules in various ways via the change of the G—set and
the group ring. In Section 2, we give our first major result about the decomposition of a given RG—module MS as a direct sum of
RG-submodules. In Section 3, in order to go further into the structure of (MS)g¢, we first require gy that is an extension of the
usual augmentation map ez and the kernel of ¢y denoted by A, (MS). Then we give the condition for when A; (MS) is an RG-
submodule of (MS)g. Finally, we are interested in the semisimplicity of (MS)g according to the properties of Mg, S and G.

2. Examples of G-set Modules

We start to set out the idea of G-set modules in more detail by considering some examples of G—set modules and establishing
some properties of (MS)ge. The following examples for (MS)g; show how useful the notion of G—set module for extension of an
R—module M to an RG-module. They also point the relations among G—set S, RG-module MS, G and H where H < G. Example 1
shows that for different group actions on different G—sets of the same finite group we get different extensions of an R—module M
to an RG-module. Moreover, we see that these are also RH—modules unsurprisingly in Example 2.

Example 1. Let M be an R—module, G = Dg = {a,b:a’® = b* =e,b~'ab =a ') andr = Y gep, 159 = 11 + 1,0 + 1302 + 1,b + rsha +
r¢ba? € RDj.
1. Let S = G and let the group act itself by multiplication. Then MS = MG is an RG-module.
2.  Let S ={Dg Cs,C,pId} and let G act on its set of subgroups C; = {a:a® = e) < Dg, C, = (b:b? = e) < D¢, Id = {e} < D¢ by
g+H=gHg™ for H< G, g € G. Then MS = {Yscsmss = mygld + m¢,C, + me,C3 + mp Dy | mg € M} and we get

ru = (rymy +romy +rymy + rymy + rsmy + rgmy)Id
+(T1mcz + rzmcz + r3m(:2 + T4mcz + rsmcz + TﬁmCZ)CZ
+(rme, + rome, + r3me, + ame, + rsme, + reme,)Cs

+(rmp, + ramp, + r3mp_ + rymp_+rsmp, + remp, ) De.

3. Let S = {K, = {e, b}, K, = {a, ba}, K5 = {a? ba?}} that is the set of right cosets of a fixed subgroup H = C, = (b:b? = e) <
D¢ and let G act on S by g x (Hx) = H(gx) for x,g € G. Then MS = (¥ sesmss = my K; + my, K, + my K5 | mg € M} and
we have the following relations such that

Ki1=K; K,1 =K, K31 =K;
Kia =K, K,a=K; Kza = K;
Kia’=K; K,a’=K; Kza?=K,
Kib =K, K,b = Kj K3:b =K,
Kiba =K, Ky,ba=K, Kzba=K;
Kiba? =K; K,ba? =K, Kzba®?=K;.

So, we get

ru = (T1m1(1 +rymy, +1r3my, +rsmy, + 1pmy, + erK3)K1
+(T2m1(1 + rsmKl + Tlsz + T6m1(2 + r3m1(3 + T4mK3)K2

+(r3mK1 +remyg, + romy, +rymyg, +rimg, + rsmKa)Kg.

Example 2. Let M be an R-module, G = Dg = {a,b:a® =b*> =e,b™*ab=a™'), H=C3; ={(a:a® = e) < Dg and k = Y gep kg9 =
kie + kya + ksa® € RC,.
1. Let S = G and let the group act itself by multiplication. Then MS = MG is an RH-module.
2. Let S = {D, C3,C,,1d} with the group action defined in Example 1 (2). For p = Ysesmgs = mygld + m,Cy + me,C3 +
mp, D¢ € MS, we get
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kll = (k1m1 + k2m1 + k3m1)1d + (klmcz + kzmcz + k3mC2)C2
+(k1mc3 + kzmcs + k3mCS)C3 + (kl‘l'nD6 + ksz6 + k3mD6)D6.

3. Let S ={K, ={e b}, K, = {a,ba}, K5 = {a? ba?}} with the group action defined in in Example 1 (3). For u = Ysesmgs =
mKlKl + szKZ + mK3K3 € MS, we get

kﬂ = (klmKl + k3sz + kme3)K1 + (kme1 + klsz + k3mK3)K2 + (k3mK1 + kmeZ + klmKs)K3

3. Results on G-set Modules
Now, we make a point of some relations between the R—submodules of M and the RG-submodules of MS by the following
results.

Lemma 3. Let N,, N, be R—submodules of M. Then N,S + N,S = MS if and only if N; + N, = M.

Proof. Let N;S + N,S = NS. Take m € M and so ms € MS for any s € S. We write ms = ¥;.e5ns; Si + Xs;es s, Sj for Xgesns, si € NiS
and ZSJES ns; sj € N2S where ng, € Ny, ng; € N,S. So, there exists i, j such that m = m,, + ms;.

Let N; + N, =M and u = Y sesmg s € MS. For all s € S, we can write mg = ng + n; where ng € Ny, n; € N,. Hence, u = Ygesngs +
Ysesngs, and so N;S+ N,S=NS. m

Lemma 4. Let N,;, N, be R—submodules of M. Then N,S n N,S = 0 if and only if Ny n N, = 0.

Proof. Let N;S + N,S = 0. Take n € N; N N,, and so ns € N;S N N,S. So, n = 0 since ns = 0.
Conversely, let Ny N N, = 0. Take n = Y gesns s € NyS N N,S. Song € Ny NN, and ng = 0 for all s € S. Hence, N;SNN,S=0. m

From (Alperin & Rowen, 1995) we recall that if G is a finite group, S and T are G-sets, then ¢:S - T is said to be a G—set
homomorphism if p(gs) = go(s) for any g € G, s € S. If ¢ is bijective, then ¢ is a G—set isomorphism. Then we say that S and T
are isomorphic G-sets, and we write § = T.

For s € S, Gs = {gs: g € G} is the orbit of s. It is easy to see that Gs is also a G—set under the action induced from that on S. In
addition, a subset S’ of S is a G—set under the action induced from S if and only if S” is a union of orbits.

Theorem 5. Let M be an R—-module, N an R—submodule of M, G a finite group, S a G—set. Then I;—; = (%) S.

Proof. We know that NS is an RG-submodule of MS. Define a map 6 such that

6: MS - (%)S,M=sts - 9(y)=2(ms+N)s
SES

SES

o(gu) =6 <9Z my S> =g6(w

SES

So, 0 is a G—set homomorphism. It is clear that 8 is a G—set epimomorphism. Furthermore, 6 is an RG—epimorphism and we get
ker = NS. m

Lemma 6. Any proper subset of an orbit Gs of s € S is not a G—set under the action induced from S.

Proof. Suppose that a proper subset T of an orbit Gs of s € S is a G—set. Then there exist g € G, gs & T. Take an element hs in T,
h € G, and so
(gh D (hs) = g(h~'(hs)) =gs ¢ T.
Hence, we call the orbit Gs of s € S the minimal G—set. Moreover, S = ,U,Gsi where I denotes the index of disjoint orbits of S.
L€
Hence, we have
MS =M (iléJIGsi).
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Lemma 7. Let N be an R-submodule of an R-module M, S a G—set. Let I denote the index of disjoint orbits of S, ] a subset of I and
S = 'UIGs]- and let Gs; be an orbit Gs of s; € S for i € I. Then we have the following results:
jE

1. NGs; is an RG-submodule of MS for s; € S. Moreover, NGs; is a minimal RG—submodule of MS containg N under the
action induced from that on S.

2. NS'=N ( U st) = U (NGs;).
Jj€J Jj€j
3. NS’ is an RG-submodule of MS.

Proof. 1. It is clear that NGs; € MS. Let n = ¥ 4eny gsi € NGs;, v € R, h € G. Then we have ) € NGs; and hn = h(Z e ny g5i) =
Ygec g hgs; = Xpg=g'cc Mg g's; € NGs;. Hence, NGs; is an RG—submodule of MS. Assume that there is an RG-submodule N; of MS
such that Nz < (Ny)ge < (NGs;)rs. Take an element n € N, and so nhs; € N; for some h € G since (Ny)re < (NGs;)gg- Then
h~1(nhs;) = (nes;) = ns; € N; and g(ns;) = ngs; € N, for all g € G. This means that N; = NGs;.

2, 3. Clear by the definition of MS. m

Lemma 8. Let L be an RG-submodule of MS, a fixed s € S. Then,
1. Ly ={x € M | there is y € L such thaty = xs + k, k € MS} is an R—submodule of M.
2.5, ={s €S |thereisx € M, and also k € L such thaty = xs + k € L } is a G-set in S under the action induced from that on S.

Proof. 1. It is obvious that L is in M. Let x;, x, € Ly and r € R. Then, there is y; = x;5 +ky, y, =x,s+k, €L and y, +y, =
(%1 + x5)s + ky + k, € L where x; + x, € MS. Furthermore, ry; = rx;s + rk; € L, and so rx; € L.
2.letse S and g, h € G.Then3x € M,3k € L suchthaty = xs+ k € L and
xs+k=y=ey=e(xs+k) =xes+ek =xes+k
So, s = es. Since s is also an element of S, we have

(hg)y = (hg)(xs + k) = (hg)xs + (hg)k.
Hence, we get (hg)s = h(gs). m

Lemma 9. Let M be an R-module and S a G-set. Let I denote the index of disjoint orbits of S such that S = LEJIGsi and let Gs; be an
L

orbit of s; € S fori € I. If NGs; is a simple RG-submodule of MS, then N is a simple R-submodule of M and G is a finite group whose
order is invertible in Endy(M) (|G|~ € Endr(M)).

Proof. Assume that there is an R—submodule L of M such that L < N < M. Then (LGs;)gg < (NGs;)gg, and by Lemma 6 this is a
contradiction. So, N is a simple R—submodule of M. m

Theorem 10. Let L be a simple RG-submodule of MS. Then there is a unique simple R—submodule N of M and a unique orbit Gs
such that L = NGs.

Proof. For some s € S, by Lemma 8 L; is a non-zero R—-module. And so, L;Gs # 0 is an RG—submodule of L. Since L is simple RG—
submodule, we have L;Gs = L. Then, by Lemma 9 L; is a simple R—submodule of M.
Take an element s’ € S such that Ly is non-zero R—submodule of M. Hence, Ly/Gs' = L = LsGs. Take an element x € Ly/Gs'. And

So, we write
n n
x =Zligi5' = Zkigis
i=1 i=1

where [; € Ly, k; € Lg, g; € G and n = |G|. Then, there exists g; € G such that g;s = g;s’, and s = g 'g;s’. So, we get Gs = Gs'.

That is why we can write
Gs=S,={s €S |thereisx € M,and also k € L such that y = xs + k € L}.

Moreover, N = L; = Ly is unique by the definition of MS. m
On the other hand, the following example shows that the converse of the theorem does not hold.

Example 11. Let R =73, M = Z3, G = C, = {(a:a® = e) and RG = Z3C,. If S = G and G acts on itself by group multiplication, then
MS = 7Z5C, where ZC, is semisimple RG-module since |G| < oo and characteristic of R does not divide |G| by Maschke’s Theorem.
Since Z3C, is semisimple there is a unique decomposition of ZsC, by Artin-Weddernburn Theorem. Then, Z;C, =~ Z3; @ Z3 as R—

module since |C,| = 2. Here, Z5 is a simple R—submodule of Z5C,. Moreover, by (Milies & Sehgal, 2002) we have Z5C, = Z3C, (HTa) (&)
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Z3CZ( ) as RG-module where Z3CZ( a) and Z3C2( ) are simple RG-submodules of Z3C,. Let N = Z3 that is a simple R—
submodule of M. Hovewer, NGs = Z3C, is not simple RG-module.

Lemma 12. Let {M;:i € I} be a family of right R —modules, G a finite group and S a G —set. Then ((GBIMi)S> = (GBIMiS)
i€ G 1SS RG

Proof. Consider the following map

(EBM)S - G)MSZ gi),...)s - Z(...,mgi)s,...)

SES SES
that is an isomorphism. =

Theorem 13. An R—-module My, is projective if and only if (MS)g¢ is projective.

Proof. Assume that My, is projective. Then for an index I, (R)D =M P Awhere Ais a right R—-module. So, by Lemma 12
(®RHD),. =(®VS), .
= (M A)S),,
= (MS)RG @® (AS)RG
So, (MS)gg is projective.
Now, assume that (MS)g¢ is projective. Then ((RS)(’))RG = (MS)rc @ B where B is a right RG-module for some set I. All these
concerning modules are also R-modules and ((RS)(’))R =~ (MS)g @ Bp. ((RS)(’))R is a free module because (RS)y is free. Since

(MS)y is direct summand of a free module, it is projective. So, My is projective. m

4. The Decomposition of (MS) .
The theme of this section is the examination of a G-set module (MS)g¢ through the study of a decomposition of it. The

m where |H| is the order of H and H = Y ey h,

explained in (Milies & Sehgal, 2002) and (Uc & Alkan, 2017), respectively. A similar method gives a criterion for the decomposition
of a G-set module (MS)g¢. In addition, Endgz;MS denotes all the RG-endomorphisms of MS.

decompositions of RG and (MG) g, obtained from the idempotent defined as ey =

Lemma 14. Let M be an R-module and H a normal subgroup of finite group G. If |H|, the order of H, is invertible in R then &, = % is

an idempotent in Endgg (MS). Moreover, éy is central in Endg;(MS).

Proof. Firstly, we will show that &, is an RG—-homomorphism. We start with proving that Hg = gHfor g €G. Slnce for all h; € H,
there is h;; € H such that h;g = gh;4, we have that Hg = Ynenhig = Xnen g hig = gH. Therefore, T Irg = rgﬁ and we have

éy(rgm) = rgéy(m) form € MS,r € R and g € G. It is also clear that é,(m + n) = éy(m) + éy(n) form,n € MS, g €G.
Secondly, by using the fact that A. H = |H|. H, we get

H
éH(éH(m)) =8y (mm> =éy(m).
So, éy is an idempotent.

Finally, we prove that &y is a central idempotent in Endg; (MS). We will show that &; commutes with every element of Endg; (MS).
Let f be in Endgg(MS) and so Hf (m) = f(Hm) form € MS. Thus, we have

6 () = i) = f (5 = fetm)

Foru =Y g4ecmy g € MG and s; € S, we write

s; = Z mg (gs;) = Z mys, (gs;) € MS
gEeG JSi€ES
Then for i € I and a € M(Gs;), we write a = ¥ ;5,.cqs, Mgs; 95;- Moreover, we write 8 = Ye; Y g5,ca5, Mgs; 95; for B = Ygesmgs € MS

since MS = M (UGs;).
el
Let H be a normal subgroup of G. It is well known that on G /H we have the group action g(tH) = gtH for g,t € G. Consider g(Tses
mg (Hs)) = (Zsesms (gHs)) formg € M.
Let S’ ¢ S be a G/H-set. Then §' = ,lEJ]G/Hs]-’ where J denotes the index of disjoint orbits of §" and MS’ = M(_lEJ]G/Hsj’). Then for
J J
N = Yses' My ' € MS, we can write = 3¢, Zsreg/Hslq mgy s’

Hence, we have the following result.
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Lemma 15. Let M be an R—-module, G a finite group, H a normal subgroup of G, S a G—set and S' c S a G/H-set. Then MS' is an
RG-module with action defined as gn = g (2]-6] srec/ms) Ms' s’) = 9(Zjes Lsrecyns)Ms’ (tHs]) = Xje; Ysrecyns) Ms' (gtHs}) where
n=2Xje ESIEG/HS]{ mgy s’ € MS' and s' = tHs; for t € G.

Theorem 16. Let H be a normal subgroup of G, |H| invertible in R and éy, defined above, then we have MS = é,.MS @ (1 — éy).MS
and there exists a G/H-set S' c S such that é,.MS =~ MS'. More precisely, éy. MS = éy (M ('Leszsi)> =M (.léJIéHGSi)
15 1

Proof. Firstly, we know that MG = é4,. MG @ (1 — éy). MG and é,. MG =~ M(G/H) by the theorem in (Uc & Alkan, 2017). Since &y is
a central idempotent by Lemma 14, we get MS = é,.MS @ (1 — éy). MS. Now, consider 68: G - G. &, where g — géy. This is a group
homomorphism since 8(gh) = ghé, = ghé? = géyhé, = 0(g)A(h). It is clear that 6 is a group epimorphism. We have kerf =

lgeGlgeyu=e,)={g€Gl(g—1ey =0}="Hsince (g — D

;=0 and gH = H for g € H. Moreover, we get%zﬁz Im@ =

H
Géy. So,
&y MS = &y <M (iLEJIGsi)> =M (L_LEJIGéHsi) ~M (L_LEJI(G/H)SI-)
Since gHs; = gHs; for s;,s; €S, i,l € I, we get a G/H-set S’ c S where ‘LEJJ(G/H)SJ- =5'c S. Hence
j
&y-MS = M (U (G/H)s;) = M ( U (G/H)s,-> = Ms'
i€l J€EJ
So, 8. MS ~ MS'. m

Theorem 17. Let M be an R-module and G a finite group. For a G-set S = .UIGSi (I denotes the index of disjoint orbits of S), MS =~
LE

@ MG \ ker6; where 6;: MG — MGs; are RG—epimorphismes.

i€l

Proof. Since MGs; N MGs; = @ for i # j €1 where § = 'LerGsi and I denotes the index of disjoint orbits of S, we have MS =
L

M (iLEJIGsl-) = @MGs;

Consider

0;: MG - MGsL-,E Mgg + § My gSi
geaG geaG
Foru =Yg4ecmy g € MG, v ER, h € G, we have

0,(ru) = 6; ergg =0; Zrmyg =Zrmggsi=r2mggsi=r6i ngg =716;(u).

geG geG geG geG gEG
0;(hy) = 6; hz mgg |=6; Z mghg | = Z mghgs; = h Z mg gs; | = h6; Z mg g | = hé;(u).
geac geaG gea geac geaG

Hence, 6; is an RG-homomorphism. It is clear that 6; is an epimorphism. Moreover, MG \ ker6; = Im@; = MGs;. Then,
MS =M (UGs;) = @MGs; = ®MG \ kerf).
i€l i€l iel

5. Augmentation Map on MS
In the theory of the group ring, the augmentation ideal denoted by A (RG) is the kernel of the usual augmentation map ez such

that
&g RG - R,ngg - ng'

geG geG
The augmentation ideal is always the nontrivial two-sided ideal of the group ring and we have A (RG) = {dea
1, (g —1):1; € R, g € G}. The augmentation ideal A (RG) is of use for studying not only the relationship between the subgroups
of G and the ideals of RG but also the decomposition of RG as direct sum of subrings.
In (Kosan et al., 2014), &5 is extended to the following homomorphism of R—modules

ey: MG - M, ngg - ng.

geG gEeG
The kernel of g is denoted by A (MG) and
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A MG) = ng(g—l):mg EM,geG.
gEeaG
We devote this section to gy that is an extension of ¢, and to the kernel of ¢y, denoted by A; (MS).

Eys: MS - M, sts = st

SES SES

Definition 18. The map

is called augmentation map on MS.

In addition, eys(mgs,) = eys(mss,) = mg for mys,, mgs, € MS where mg € M, s1,s, € S, however mys; # mgs,. Hence, gy is not
one-to-one.

Lemma 19. Let M be an R-module, G a group and S a G-set. Then eys(ru) = (1) eys(u) for p = Ysesmss E MS, 1 = YgecTy g €
RG. In particular, gy is an R—homomorphism.

Proof. Let = Ysesmss € MS, v = Y e675 g € RG, then

ems(ri) = eys Z (rgms) (gs) | = eus (Z mgr 5'). mg =1gmg,gs =s' €5,

gs€es s’es

= Z Ty (Z m5> = e(r)eys(p).

geG SES

In addition, for g = Ysesmss, N = YgesNs S € MS, t ER,

ems(e +1) = eys (Z (ms +ns)5) = st +Zns

SES SES SES
Ens () = e (Z (tmy) s) =ty m
SES SES

Furhermore,

ker(eys) = {u = sts € MS | eys(w) = eys (Z ms 5) = st = 0}.

SES SES SES
Itis clear that ker(eys) # 0 because for mys; + (—mgs,) € MS, where m € M, s; # s, € S, we have

SMS(mssl + (_mssz)) = gys(mgsy) + eys(—mgs,) = 0
Thus, mgs; + (—mygs,) € ker(eys). Moreover, we will characterize the elements of the kernel of &y in detail. For this purpose, we
define Ag y (MS) = {Znew (h — D py | up € MS} where H is a subgroup of finite group G.

Theorem 20. Let M be an R—-module, H a subgroup of G, |H| invertible in R, S a G-set and éy, defined in Lemma 14. Then, Ag i (MS)
is an RG-module and Ay (MS) = (1 — éy). MS.

Proof. A; ,; (MS) is obviously an RG-module. Now, take any element & €A; y (MS). Then we get

a= Z(h—l)uh=2(h—1)(2mss)= Z (st(h—l)s>
heH SES

heH heH \ses
=z st(hs—s) =Z st(hs—l)—(s—l)
heH \seS heH \s€eS

On the other hand, for any element g € (1 — &,). MS

B=0—-énn= (1—éy)(2nss)= (1—%><anss> =—ﬁ(;(h—1)>(2nss)

SES SE SES
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=<z (h—1)>(zngs>=Z(h—1)(zn;s)=z PRACESIEICERY

heH SES heH SES heH \seS

where n € MS, n; = _|17|n5' Hence, B €Ay (MS). Similarly, @ € MS.(1 - é). m

Furthermore, we write Ag ¢ (MS) =Ag (MS). Itis clear that ker(eys) =Ag (MS) and we have ker(eys) =Aq (MS) = (1 — &;). MS.
Recall that A (G) is the augmetation ideal of RG and for a normal subgroup N of G, Ag (G, N) denote the kernel of the natural
epimorphism RG - R(G/N) induced by G — G/N. Moreover, Ay (G, N) is a two-sided ideal of RG generated by Ay (N).

Theorem 21. If N is a normal subgroup of G, then Ag y (MS) =Ag (N).MS.

Proof. We know that Ag (N) = {Enent (n — 1) I 1, € R} and Ag g (MS) = {Xhen (h — Dpn | pp € MS}. Fora = Fpeymn(n—1) €
Ar (N), u=Ysesmgs € MS,

au = Zrn(n—l) <zmss> = Zrn(n—1)<2mss)= Z (n—l)(Z(rnms)s)= Z (n—1Du,
SES

neN SES nenN nenN SES nenN

where p, = Yses (h,ms) s € MS. m

6. Semisimple G-set Modules

In examination of the studies in group rings which make use of the theory of group modules (see Kosan et al., 2014; Kosan &
Zemlicka, 2020; Uc & Alkan, 2017), the semisimplicity problem of the G-set module arises. In (Connell, 1963; Milies & Seghal, 2002;
Passmann, 2011), the generalized Maschke's Theorem states that a group ring RG is a semisimple Artinian ring if and only if R is a
semisimple Artinian ring, G is finite and |G|~ € R. A module theoretic version of the Maschke's Theorem is proven in (Kosan et al,,
2014) for group modules. This version states that for a nonzero R-module M and a group G, MG is a semisimple module over RG
if and only if M is a semisimple module and G is a finite group whose order is invertible in Endgz (M) that is all the R—endomorphisms
of M. The purpose of this section is giving a criterion for the semisimplicity of a G—set module to generalize the Maschke’s Theorem
via the G—set modules.

Theorem 22. Let M be a nonzero R—-module, G a group, S a G-set. If X NA; (MS) = 0 for some nonzero RG-submodule X of (MS) g,
then each orbit Gs of S for s € S is a finite set.

Proof. Firstly, we know that A; (MS) is an RG—-submodule of (MS)gs. Assume that Gs is an infinite orbit for some s € S. Then for
any 0 # x = mys;+... +mys, € X where sy,..., s, € Gs are distinct and m;s; # 0, there is an element g of G such that s, g # s; for
1<j<k Hence, (1-g)x=7%Xsesm;s;— Ns,esMigs;i# 0, and also (1—g)x €Y . On the other hand, 0 # (1 — g)x = X5
m; (s; — 1) — Xsesm; (gs; — 1) €Ag (MS). Then, X NAg (MS) # 0 and this is a contradiction. m

We recall the following lemma in (Lam, 2001), and also in (Kosan et al., 2014).

Lemma 23. (Kosan et al, 2014; Lam, 2001) Let X <Y be right RG-modules and G be a finite group whose order is invertible in
Endg (V). If X is a direct summand of Y as R—-modules, then X is a direct summand of Y as RG-modules.

Theorem 24. If M is a semisimple R-module, G is a finite group whose order is invertible in Endg(M) (IG|~* € Endg(M)), and S is a
finite G—set, then (MS)g¢ is semisimple.

Proof. Assume that M is a semisimple R—module, G is a finite group whose order is invertible in Endz(M), and S is a finite G—set.
Let Y be an RG—-submodule of MS. Firstly, (MS)y is semisimple since My is semisimple. Hence, Y is a direct summand of (MS)p.
Moreover, |G|™* € Endgr (MS) since G is finite and |G|™! € Endgr(M). So, Ygg is a direct summand of (MS)g; by Lemma 23 that
means (MS)g¢ is semisimple. m

7. Conclusion

In the context of this study, we establish the set denoted as MS, which encompasses elements represented as a formal finite sum

in the format Y ¢csms s where mg belongs to the set M and S is a G —set. It is noteworthy that the set MS exhibits module-like

properties with respect to the group ring RG, supporting both addition and scalar multiplication, akin to the RG —module MG.

Therefore, incorporating G —set modules enable us to extend and consolidate the theories pertaining to both group algebra and

group modules. Additionally, we identify crucial properties of (MS)g¢, elucidating a technique for decomposing the RG —module
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MS into a direct sum of RG —submodules. Moreover, we substantiate the semisimplicity issue of (MS)z; concerning the
characteristics of Mg, S and G. On the other hand, if the properties of Mg, S and G can be determined when the semi-simplicity of
(MS)g is given, a quite strong result related to the semisimplicity of G —set modules is obtained bilaterally. In addition, the
regularity of (MS)ge, such as the examination of the semisimplicity of (MS)g¢, can be characterized according to the properties of
Mg, S and G and other necessary parameters.
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