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| ABSTRACT

Recently, Wazwaz has studied the regularization method to the one-dimensional linear Fredholm integral equations of the first
kind [Wazwaz, 2011]. In this work, we develop this method for the linear and nonlinear two-dimensional Fred-holm integral
equations of the first kind. Indeed, the regularization method is used for linear integral equations directly. But nonlinear integral
equations of the first kind are transformed to linearintegral equations of the first kind by a change of variable; then, The
Regularization-Homotopy Method is applied. The combination of the regularization method and the homotopy perturbation
method, or shortly, the regularization-homotopy method, is used to find a solution to the equation. Some examples will be used
to highlight the reliability of the generalized of Regularization-Homotopy Method.
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1. Introduction

Integral equations of the first kind in the one-dimensional case have been studied in many papers (Tikhonov et al. 1963). But
although these equations in two-dimensional cases have many interesting applications in Mechanical engineering, Physical
sciences and other applied sciences [Wzwaz et al. 2011], only a few papers have been written about them (Molabahrami et al.
2013).In this paper, we consider the general form of the two-dimensional Fredholm integral equations of the first kind.

b ,d
flx,y) =/1J f k(x,y,s, t)dsdt (D

Where f and K are continuous functions and is a constant. Also, F is a continuous function which has a continuous inverse, and
finally, u is the unknown function of the equation (1) to be found. Obviously, if G is linear, then Eqg. (1) will be linear. As mentioned
above, we develop the regularization method of [Molabahrami, 2013] to the linear case directly and in the nonlinear case, we first
setu(x,t) = F(h(x,t))to convert (1) to linear form.

1.1 The homotopy perturbation method

The homotopy perturbation method was introduced and developed by Ji- Huan He in (PtL, 1962) and was used recently in the
literature for solving linear and nonlinear problems. The homotopy perturbation method couples a homotopy technique of
topology and a perturbation technique. A homotopy with embedding parameters is constructed, and the impeding parameter p
is considered a small parameter. The method was derived and illustrated in [PtL 1962], and several differential equations were
examined. The coupling of the perturbation method and the homotopy method has eliminated the limitations of the traditional
perturbation technique [PtL, 1962]. In what follows, we illustrate the homotopy perturbation method to handle Fredholm integral
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equations of the second kind and the first kind.

1 b d
Ua(6) == f(0) — = f f k(o y, s, Dt (s, O)dsdt @

obtained above in (2). The homotopy is now constructed

Y b rd
u,(x,y) =p <§f(x, y) — EJ- f k(x,v,s, t)ug(, t)dsdt) 3)

where the embedding parameter p monotonically increases from 0 to 1. The homotopy perturbation method permits the use of
the expansion
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Substituting (4 ) into both sides of (3) and equating the terms with the same powers of the embedding parameter p, the recurrence
relation is obtained

p%:uo(x,y) = 2
phiu(ey) =— (), (6)

1 b rd
pVthiu,(x,y) = ——f f k(x,y,s,t)dsdt,
a a [

Having determined the componentsu;(x,y),i = 0, we then use

u(wy) = lim " " plt (6.y). @
n=0m=0

The series (7) converges to the exact solution if such a solution exists. It is important to note that if the kernel is separable, i.e.
K(x,y,s,t) = g(x,y)h(s, t), then the following condition

b ,d
1- f J k(x,y,s, t)dsdt )]
a c

Note that the nonlinear Fredholm integral equations of the first kind can be handled by the regularization-homotopy method in
a parallel manner to the analysis presented earlier for the linear case. The non-linear Fredholm integral equations of the first kind
are first converted, the non-linear Fred Holm integral equations of the first kind are first converted

b rd
fxy) =f f k(x,y,s, t)F (u(s, t)dsdt) )

to a linear Fredholm integral equation of the first kind of the form

b rd
flx,y) = f f k(x,y,s t)v(s, t)dsdt), (x,y) € D =[0,1][0,1] (10)

using the transformation
v(x,y) = F(x,y) (€8Y)

Assuming that F (u (x)) is invertible, then we can write
u(x,y) = F1(v(x, ). (12)
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The non-linear Fredholm integral equations of the first kind are often considered an ill-posed problem, and this may lead to several
difficulties. In this work, we will limit ourselves only to cases whereK (x,t) = g(x)h(t). We will now examine the illustrative linear
and non-linear Fredholm integral equations of the first kind.

2. LinearTwo-dimensional Fredholm integral equation of the first kind

Now, we are going to apply the regularization-homotopy method to illustrate the earlier presented analysis for the linear case.
Significantly, a necessary condition to guarantee a solution is that the data function f(x) must contain components which match
the corresponding x components of the kernel k(x,y,s,t) = g(x,y)h(s,t)

Example 2.1 Use the regularization-homotopy method to solve the linear Fredholm integral equations of the first ki

7 1,1
—((x+t)= f f (x + t)su(s, t)dsdt. (13)
12 o Jo
Using the regularization method, Eq. (13) can be transformed to
7 1 1,1
U, u) =p <m (x+1t)— EJ; J; (x + t)su,(s, t)dsdt) (14

We next construct the homotopy

1 r1
ug(x,t) =p <% (x+1t)— %f f (x + y)su,(s, t)dsdt). (15)
0 Yo

Proceeding as before, we find the recurrence relation

p%uo(x,y) =0
1. -
phiug(x,y) 120{(96+y),

2, = lflfl + t)dsdt = 9 +
phuz(x,y) = al, 0(x y)suy (s, t)dsdt = 144a2(x y).

3, = 1f1f1(+) (s, 0)dsdt = —2> (¢ +y) 16
pruaey) = - [ | ot st asde = g ety a6)

. 11t 2401
phuy(x,y) = _EJ; J; (x + y)suz (s, t)dsdt = —W(x +y)
And so on. Based on this, we obtain the approximate solution

7 7 49 343
el = g x40 (1= )

—_— ... 17
a+144a2 1728a3+ a7

This, in turn, gives

(x+y) (18)

7
Ua(Xu) = 5o

obtained upon summing the in nite geometric series. The exact solution u(x) of (13) can be obtained by
ug (v, u) = lirréua(x, u)=x+y. (19)
a—

Example 2.2 Use the regularization-homotopy method to solve the Linear Two-dimensional Fredholm integral equation of the
first kind

1

101
—xy = f J (xystu(s, t)dsdt. (20)
9 o Jo

by the using homotopy method the eq(20) converted to the second kind of equation

1 1,1
auy(x,y) = 9%y~ f f (xyst) ua (s, t)dsdt, 2D
0o Jo

So that

Page | 21



The use of Homotopy Regularization Method for Linere and Nonlinner Fredholm Integral Equations of the First Kind

1 1 1 1
U (x,u) = 92~ —f f (xyst)u, (s, t)dsdt, (22)
a aly Jo

Next, to construct the homotopy

1 1 1,1
Uy (x,y) = p(gxy - ;f f (xyst)u, (s, t)dsdt, (23)
o Jo

Proceeding as before, we find the recurrence relation
P up(x,y) =0

1
1. -
phiug(x,y) 9a ),

101t 1
2, - __ =
peiuy(x,y) afo fo xystu, (s, t)dsdt 812

101t 1
3. - _= = _
p3ius(x,y) afo fo xystu, (s, t)dsdt +7290(3 xy 249
10t 1
4, - __ - ___—
phus(x,y) afo fo xystus(s,t)dsdt Tae1at Y
And so on. Based on this, we obtain the approximate solution
(x,y) = ! (1 ! + ! ! + ) 25
U Y) =50V T 9 T 81a? 72903 ) (25)
This, in turn, gives
xy
Ue(x,) = 755 26)
obtained upon summing the infinite geometric series
ulx,y) = limug(x,y) = xy. (27)
a—

3. Nonlinear Tow-dimensional Fredholm integral equation of the first kind
The regularization-homotopy method is applied to illustrate the analysis presented before for the non-linear case, as given below.
However, our focus will be limited to the separable kernel k(xyst) = g(xy)h(st).

Example 3.1 Consider the following two-dimensional nonlinear Fredholm integral equation of the first kin

1 ,1
xy = ZJ j (xyst)u*(x, t)dsdt (28)
0 Y0

We first set

u(x,y) = +\ulx,y) (29)

to carry out the non-linear equation (28) to the linear Fredholm integral equation
1 -1
xy = ZJ j (xyst) v(x, t)dsdt, 30)
0 J0

The regularization method carries Eqg. (30) to

12t
Uy (x,y) = 2= Ej j (xyst) v, (s, t)dsdt, 3D
0 Jo
We next construct the homotopy
1 2 1,1
ve(x,y) = (Exy - E_f j (xyst) va (s, t)dsdt), (32)
0o Jo

Proceeding as before, we find the recurrence relation
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P%:vo(x, ) =(1)
phvi(x,y) =Xy

2t 2
p2v,(x,y) = ——f f xystv, (s, t)dsdt = ——xy (33)
aly, Jo 9a

1t 4
p3:vs(x,y) = _ﬁfo J; xystv,(s, t)dsdt = te1a Y

ptv,(x,y) = —2_’: J: xystvs(s, t)dsdt = —%xy.
And so on. Based on this, we obtain the approximate solution
1 2 4 8
va(x,y)=;xy<1—%+m—m+...> (34)
This, in turn, gives
valxy) = gt 35)

obtained upon summing the infinite geometric series. The exact solution v(x) of (27) can be obtained by

v (63) = limu,(x,)) = 5 xy 36)

The exact solution u(x) of (28) can be obtained by

4

9
u(x,y) =+ 7%V 37
Example 3.2 Consider the following nonlinear Fredholm integral equation of the first kind
x Tt ox
- _ T 2
6+ ) J; L 1_l_y(1+s+1:)u (s, t)dsdt. (38)
We first transform the nonlinear Equation (38) to a linear equation by using the change of variable

v(s, t) = u?(s,t) (39

So that Equation (38) becomes

X 1 5
6(1+x) fo J; m(l + 5+ (s, t)dsdt. (40)
We first set
u(s,t) = +/v(s,t) 41

The regularization method transforms Equation (40) to

v (x,y) = a[ f —(1 + 5+ t)v,(s, t)dsdt. (42)

6a(1 +x)

Now, to construct homotopy, we have

P°:Vg0(x,y) = 0

1. - -
Phivg1(x,Y) 6a(l+7)

1,1
: =———= 1 t t)dsdt
Pvea) =~y || s+ v 0ds

x 3+ 2log(2)
_6a2(1+y)< 6 )

(44)

X 3+2log(2) 2
P2 va3(x,y) = — (

fo 1+ s+ t)vg(s, t)dsdt = 63 (1+7) 3

X f
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x (3 +2 log(Z))3

1 01
4 — x f f —
: = 1+s+t t)dsdt =
Phiva(x,) 6a(l+y)Jy Jy ( S+ OVas(s Ods 6a*(1+y) 6

Thus, the approximate solution becomes

x 1/3+2log(2)\ 1 (3+2log>\° 1 (3+2l0g(2)\’
”a(x'y)—m<1‘a( 6 )?( 6 B S (45)
This, in turn, gives
(xy) = ad 46
Vel Y) = )Y 6a + 3 + 210g(2)) (46)
Letting a ! 0, we obtain the exact solution as
7 _ X
v (o) = limva(6) = e i@y (47)
Since
v(x,y) = £ /v(x, y). (48)
The exact solution u(x) of (38) can be obtained by
(ry) = + a 49
VY= IR B + 2l0g(2) (49)

4. Conclusion

In this work, a combination of the regularization method and the homotopy perturbation method was proposed as a reliable
treatment of the Two-dimensional linear and non-linear Fredholm integral equations of the first kind. The proposed method
showed reliability in handling these ill-posed problems. Three examples, linear and non-linear, were examined to illustrate the
analyses which were presented. The exact solutions were formally derived if the exact solutions existed, as these equations were
ill-posed. We pointed out that the corresponding analytical solutions are obtained using Mathematica.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

Publisher’s Note: All claims expressed in this article are solely those of the authors and do not necessarily represent those of
their affiliated organizations, or those of the publisher, the editors and the reviewers.

References

[11 Ahmet. A. (2016). The regularization-homotopy method for the two-dimensional Fredholm integral equations of the first kind. Mathematical
and Computational Applications 21.2: 9.

[2] David L. P (1964). A technique for the numerical solution of certain integral equations of the first kind. Journal of the ACM (JACM) 9.1: 84-97.

[3] He, J.H (1999). Homotopy preturbation techaniq, Comput. Methods Appl. mech. En-grg, 1'78, 257-262 N, Billel, N, Boussetila, and F,
Rebbani. “Projected Tikhonov regularization method for Fredholm integral equations of the first kind. Journal of Inequalities and
Applications: 1-21

[41 Jerri. AJ (1999). Numerical solution of some nonlinear Volterra integral equations of the first kind. John Wily and Son

[5]1 Molabahrami, A. (2013). An algorithm based on the regularization and integral mean value methods for the Fredholm integral equations of
the first kind. Appl. Math. Model. 37, 9634-9642.

[6] Molabahrami, A. (2017). The relationship of degenerat kernel and projection methods on the fred-holm integral equation of second kind,
Cmmun, Numer.Anal. 1, 1-6.

[71 Masouri. Z and Saeed H, A. (2020). Regularization-direct Method to Numerically Solve First Kind Fredholm Integral Equation, Kyungpook
Mathematical Journal 60.4: 869-881.

[8] Miyata, A, Hiroyuki T, and Masatoshi N (2010). Active site distribution analysis of hydrodenitrogenation catalyst using Fredholm integral
equation. Applied Catalysis A: General 374.1-2: 150-157

[9] PtL (1962) A technique for the numerical solution of certain integral equations of the first kind. Journal of the ACM (JACM) 9.1: 84-97.

[10] Tikhonov, A.N (1963). Regularization of incorrectly posed problems, Soviet Math. Dokl., 4 1624-1627.

[11] Tikhonov, A.N (1963). On the solution of incorrectly posed problem and the method of regularization, Soviet Math, 4 1035-1038.

[12] Tikhonov, A.N (1963). Regularization of incorrectly posed problems, Soviet Math. Dokl., 4 1624-1627.

[13] Wazwaz, A.M (1997). A First Course in Integral Equations, WSPC, New Jersey.

Page | 24



JMSS 4(1): 19-25

[14] Wazwaz, A.M (2011). The regularization method for Fredholm integral equations of the first kind. Computers Mathematics with Applications,
61(10):2981-2986.

[15] Wzwaz, A. (2011). Linear and nonlinear integral equations, volume 639. Springer, 2011.

[16] William L.V (2014). Linear integral equations. Courier Corporation

Page | 25



