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| ABSTRACT

In this paper, we develop a variational iteration method for solving linear and nonlinear fractional differential equations within
the modified conformable calculus framework. Rather than reducing the fractional system to integer-order derivatives, we
construct the correction functional directly using the intrinsic conformable differential measure. Through fractional integration
by parts and variational stationary conditions, we determine the optimal Lagrange multiplier. This derivation fundamentally
confirms that the variational kernel inevitably yields the modified conformable fractional integral operator, while the recurrence
formulation inherently satisfies the prescribed fractional initial conditions. The proposed algorithm circumvents computationally
expensive convolution integrals and Gamma functions, relying exclusively on standard factorials. The proposed method is
applied to different types of fractional problems, yielding closed-form series solutions that converge rapidly to the exact
solutions. The results show the proposed algorithm's superior accuracy, simplicity, and computational efficiency.
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1. Introduction

In recent years, fractional differential equations (FDEs) have transformed mathematical modeling across scientific and engineering
disciplines. By accurately representing memory, hereditary traits, and anomalous behaviors in physics, engineering, and
mathematical biology, FDEs successfully overcome the inherent limitations of classical integer-order models that fail to adequately
govern [12,15].

In the literature, there are many fractional differential operators, including Riemann-Liouville, Caputo, Griinwald- Letnikov,
Hadamard, and Cossar derivatives [7,18]. Despite their wide applicability, these classical operators often lack standard
computational properties such as the Leibniz product rule, the quotient rule, and the chain rule, and they frequently require
computationally intensive evaluations of gamma functions and convolution integrals [15,13]. However, in the past few years, Khalil
et al. [11] introduced a new concept of derivative termed the conformable fractional derivative (CFD), which depends on the basic
limit definition of the derivative. They claimed that this definition is the simplest, most natural, and efficient approach to fractional
derivatives, with properties that closely align with the classical derivative and satisfy the classical product, quotient, and chain rules,
making it easier to solve fractional differential equations. Subsequently, researchers have devoted significant effort to advancing
CFD calculus and investigating its properties. T. Abdeljawad [1] established the theoretical foundation of conformable calculus by
developing fractional versions of integration by parts, exponential functions, and Taylor series expansions. Following these
advances, researchers adapted numerous analytical and numerical techniques to conformable differential equations, including the
differential transform method [19], the homotopy analysis method [4], the adomian decomposition method [3], and the residual
power series method [16].

Copyright: © 2026 the Author(s). This article is an open access article distributed under the terms and conditions of the Creative Commons
Attribution (CC-BY) 4.0 license (https://creativecommons.org/licenses/by/4.0/). Published by Al-Kindi Centre for Research and Development,
London, United Kingdom.
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Nonetheless, the CFD formulation and its associated conformable fractional integral (CFl) have limitations: differentiation and
integration operators generally do not commute, and sequential derivatives and integrals are not equivalent to higher-order
operators, creating mathematical ambiguity when constructing differential equations of order greater than one. Recently, El-Ajou
[8] proposed a modified conformable fractional derivative (MCFD) and a modified conformable fractional integral (MCFI). With this
modification, the operators regain the commutative property and establish complete equivalence between sequential and higher-
order operations. In this context, Vinodbhai and Dubey [20] developed the invariant subspace method to obtain exact solutions
for linear and nonlinear time-space fractional mixed partial differential equations. Additionally, Altalla et al. [6] utilized the MCFD
framework to formulate a generalized Taylor's series and establish fractional power series solutions for various fractional differential
equations.

The variational iteration method (VIM), proposed by He [9,10], is a prominent semi-analytical approach widely used to solve
ordinary and partial differential equations across linear, nonlinear, homogeneous, and inhomogeneous cases. The method's
primary advantage is its flexibility and ability to handle nonlinear equations directly, yielding convergent successive approximations
toward the exact solution, provided it exists. For instance, Momani and Odibat [14] utilized this approach to handle nonlinear FDEs.
As an extension to the conformable fractional derivative (CFD), Acan et al. [2] proposed the conformable VIM to solve FDEs.
Furthermore, Ahmed and Hussain [5] extended it to linear and nonlinear systems of differential equations, while Wazwaz [21] used
VIM to solve ordinary differential equations with variable coefficients.

This work aims to develop the VIM within the MCFD sense and to formulate the correction functional using the fundamental
conformable differential measure d,{ = ({—s)*"1d. We analytically derive the optimal Lagrange multiplier A(,t)

analytically for arbitrary integer orders m > 1 via fractional integration by parts, demonstrating that the resulting variational kernel
naturally yields the exact MCFI operator (J&"*) . To demonstrate the method's applicability, accuracy, and convergence, we
investigate several challenging nonlinear initial-value problems, including a fractional delay differential equation, a sequential
nonlinear problem, and a fourth-order nonlinear model with variable coefficients, and show that the series solutions converge
rapidly to the exact solutions.

The remainder of this paper is structured as follows: Section 2 presents the theories and concepts underlying our findings. Section
3 presents the details of the mathematical derivation of the VIM within the MCFD framework. Section 4 presents three numerical
examples to confirm the method's feasibility and superiority. Finally, Section 5 presents the conclusion of our work to confirm the
method's feasibility.

2. Preliminaries
This section reviews the essential definitions and fundamental concepts related to modified conformable fractional calculus:
Definition 2.1. [1] The CFD of a function f:[s,») -» R of order @ € (0,1]is defined by:

fl+elt—s)t"") - f(®)

€

t>s €]

TEf(t) = lim
€—0

If (T¥f) exists on (s,w) then (T&f)(s) =lim 1,4+ (TE) (L)

Definition 2.2. [8] Let (a: 0 < a < 1) be a cyclic subgroup of (R, +) generated by a. A real number B € (m — 1,m] where m € N is

said to belong to the class of a denoted by B € Xa if:
Bexaz{a:mT_l<asl,a=%} (2)

Definition 2.3. [8] The MCFD of a function f:[s, ) —» R for order 8 € y, is defined by:
F(@m=-Da)(¢ 4 (¢ — 5)1-7) — f(-Da)(p)
c ,

TFr) = lim t>s, (3)
€E—

provided that f(t) is ((m — 1)a)-differentiable for ¢t > s.

Definition 2.4. [8] The n-sequential MCFD of a function f:[s,) — R of order a € (0,1] is defined by:
feD(E + et — )1 - F D)

Thef (t) = lim . t>s, 4)
provided that f(¢) is ((n — 1)a)-differentiable for ¢ > s.
In operator form, the derivative satisfies the recurrence relation:
d
TR = T8 Tt o o TEFO = (6 = ) (10706 (0) ®)

n times
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Definition 2.5. [8] A real function f(t),for t > s is said to be in the space C,,u € R if there exists a real number k > u such that

f(@) = (t = s)*f1(t), where f; (t) € C[s, o)

Definition 2.6. [8] The MCFI of a function f € C ,U = — a starting at s of order B € y, is defined by:

a _ aym-—1
10 = g 1(m 1>'f((t . (s() R (LAY ©

Definition 2.7. [8] The n-sequential MCFI of a function f € C,,u = —a starting at s of order a € (0,1] is defined by:

N e 1 ft=95)*= (@ =s))"
]S f(t) - an_l(n _ 1)|f (Z _ S)l_a f(() d{r t>s (7)
For n = 1, it simplifies to the fundamental conformable integral:

t t
JEF(E) = f € =)™ F(Q)di = f £ @) dag @®)

Lemma 2.8. [1] Let f, g: [a, b] - R be sufficiently conformable differentiable functions. Then :
f f@®(Tg®))(t — s)*tde = [f(t)g(®)]: f (T2f () g(®)(t — 5)* dt 9

Lemma 2.9. [8] ForB € y,,n €N, f € C,,u = —a and t > s, then:

_ )8 =
1. ]S(t s)¢ = T ey

2. Jfo)y=c2 =" 5 sand C is a constant.

mlam’

w

218 r (1) = F(©).
JETP () = F(0) - mt £ (s1) 27

rla”

»

Lemma 2.10. [8] Fora € (0,1],n € N,f € C,,t = —a and t > s, then

(t- a){+na

nar N — T4
1. JH(t—s)s = ARG

2. Jr)=cC (:!Z):a, t > s and C is a constant.

R S [ORS O}
4 JEETMFR) = £ - SO0 (D

rla”

3. Variational Iteration Method for solving FDEs

In this section, we adapt the VIM to solve various fractional differential equations within the MCFD framework. By constructing the
correction functional directly upon the conformable measure, we derive the optimal Lagrange multiplier via variational principles
rather than classical reductions. This formulation satisfies the fractional initial conditions and produces rapidly convergent series
solutions.

Consider the non-linear fractional differential equation of order B € y,:
TPu®) + Lu®) + N(u®) = gt), t>s, (10)
subject to the fractional initial conditions:

Tu(s)=¢, r=01,...m—1, (11)
where ﬂjf is the MCFD operator, L is a lower-order linear differential operator, N is a non-linear operator, and g(t) is a source
term. According to the variational iteration method, the correction functional is constructed using the fundamental conformable
differential measure d,{ = ({ — s)*~1d with a general unknown Lagrange multiplier A(¢, t):

t
Ui (£) = e () + f Q0 [T @ + L@(©Q) + N(@ (@) — 9] da g (12)

where %, denotes a restricted variation (i.e., 6ii;; = 0).
Note: Since € x, we can rewrite § = ma.
Now, we take the first variation § with respect to u, on both sides of Equation (12).
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t
Sutgs1 () = Sug(t) + 5 f A O[T (@ + L@ Q) + N(@ (D) — 9(©]da

Since 8L(&;) =S8N (i) =0 by the restricted variation, and 8g(Q) =0 as g(Q) does not depend on u, So we
obtain:

Suti (6) = Sux (8 + [ A, (T3 “Sux () g (13)
To evaluation of the Lagrange Multiplier A(Z, t)

Case 1: For m = 1, Equation (13) becomes:
t
Bt () = B0 + | AQ (T 6D

Applying fractional integration by parts once and using the initial boundary condition 8uy(s) = 0:

t
Buar(t) = Bue(t) + A DU (O — f (79, ) ug () dul

= (1420, Ol¢oe)S1(6) - f (794, 0)) 6w Q) dul

To obtain the optimal multiplier, we impose the stationary condition 8uy,4(t) = 0, which yields the Euler-Lagrange dual system:

TEAL ) =0, (<t
1+ 20 D=t = 0= A({, ¢z = —1
Solving this system directly gives:

A1) = —1. (14)

Therefore, we obtain the following iteration formula:
t
Ui (8) = we () - f |71 () + L () + N(we (@) = 9(D)] dag (15)

In this case, we begin with the initial approximation: uy(t) = u(0)

Case 2: For m = 2, Equation (13) becomes:
Sup41(8) = Suk(8) + ftfl((, (T 6w () do § (16)
Since 7;2% = T.%(7.%),by integrating by parts twice, we obtain:s
Suer1 () = Su(0) + f prs O[T (7% 6w ()] (€ — )%71d¢

t
= Su(t) + [AQ T 6w (D1f = [(TEAE, ) Sur ()16 +f (7225, 8)) 6w (§) dal
Applying the conditions duy(s) = 0 and T#du,({)l;=s = 0 we obtain:
t
Sug41(8) = Sur(8) + A(0, Olg=T5" 6ur (Dle=e — A, ) o= 6uk (8) + f (722, 1) Swi (§) da
t
= (1= T#AQE Olg=e)Susc (1) + A, Ole=e T Suse(Dlg=e + f (7245, 0) 6we(9) dag

Setting duy.1(t) = 0 provides the stationary conditions:

T2%A(,t) =0, (<t
{/1((, Olg=¢ =0 17)
1 =T g=t = 0= TEA, Ol = 1

The general solution to T,2*A({,t) = 0 centered at { = tis:

/1({, t) =ag+ a1<

(18)

a

(i S)“)

Applying the initial conditions at { = t from Equation (17):
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A ezt =ao =10 and TEMEOe=e = a1 = 1.
Hence, the Lagrange multiplier is:
@—9)*—(t—-9)"
Ao =2 (19)
04
Therefore, we obtain the following iteration formula:
(G =9~ (=)
Uier (8) = (1) + f ( - ) [7521e(@) + L (©) + N (i (D)) = 9]t (20)
S
In this case, we begin with the initial approximation:
1
(t _ S)-roc
wo(t) = Z wre(0) 21)

r=0
Case 3: Generalization for Any Integer m > 1
In fact, if we apply the fractional integration by parts for mtimes to Equation (13) yields:
m

. : . t
Bt () = B (®) + Y (~1/ [797220,0) - 76w, )
S
j=1 (22)
t
D™ [ (76,0) 6ur(©) dog
Because all initial fractional variations vanish at { = s (i.e, 7,/%6ux({l;=s =0 forr = 0,1,..,m — 1), the boundary terms at

{ =t give:

Suar(®) = Sue(®) + (GO FITIAG )| u(©)
m-1
_1\j-1G-Da (m-ja
+;( DI ol (5@l )

t
+(=1)m f (T 2(Z, ) Suy (O) dad

Setting duy1(t) = 0 leads the following generalized Euler-Lagrange dual system :
TmeAd,t) =0, (<t
T2 )=t = 0, r=01,..,m—2

L+ (O 7G| =0 = 5 TV9E 0| = com
=t =t
Expanding A(¢, t) using the MCFD Taylor series centered at { = t:

m-—1

1 _ )X _ (f — o)\
R e e (23)

a
n=0

Substituting the boundary conditions into the series, all terms vanish except for the (m — 1) —th term:

DM (G = (= )N\
M0 =5 1)!( - ) (24)
Therefore, in general, we can obtain the following iteration formula:
—1)ym t — )% — (t—29)7 m-1
Ui () = e (£) + (fn _)1)! j <“ 2 " €= ) (77w () + L(we () + N (e (@) = 9(©)]dad (25)
In this case, we begin with the initial approximation:
m-1 ra
w® = Y w2 (26)

r=0
In fact, the solution of Equation (10) is considered as the fixed point of the following functional by starting with the initial condition
uy(t) given in (26).

Now, for the nonlinear mapping associated with the iterative formula (25):

Alu](t) = u(t) +

=" jt ((( — )= (t—s)"

m-1
D1 . ) [T eu(@) + L(u(©) + N((©) = 9(D)]da? @7
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A sufficient condition for the convergence of the proposed VIM is that the mapping A is a contraction. Under this condition, the
sequence generated by u,,; = A[uy] converges to the fixed point of A, which is also the exact solution of Equation (10).

Theorem 3.1. [12] (Banach's Fixed Point Theorem). Assume that X is a Banach space and A: X — X is a nonlinear mapping, and
suppose that:

Il Aul —AP] ISy llu—vl, wveX (28)

for some constant y < 1. Then A has a unique fixed point, and the sequence u;,, = A[u], with an arbitrary choice of u, € X,
converges to the fixed point of A.

Theorem 3.2. let X = (C[s,T], I'llo) be a Banach space equipped with the norm Il u ll,= max,c[srj|u(t)|. Assume that the

operators L and N satisfy the following Lipschitz conditions:
L) = L) o< L lu =V lleo, NN =NW) loo<Lp =0 lloo (29)

where L, and L, are positive Lipschitz constants. If:

_ Wa+p) =)™

mla™

<1 (30)
then the sequence {uy}i-, generated by (27) converges to the unique exact solution of Equation 10, which is obtained by:
u(®) = Jimw(t) (3D
Proof. Using the MCFI operator, the integral term in the mapping can be expressed using the J7** operator as follows:
Au](t) = u(t) = JP [T u@®) + L(u®) + N(u®) - g®)] (32)

Applying the fundamental inverse identity from Lemma 2.9, we have:

m-1 ra
T u(®)] = u(t) - ZO 7o u) T - (o) (0 (33)
Substituting this identity into the definition of A[u](t), the term u(t) cancels:
Au](t) = uo(t) — J[L(u(t)) + N(u(®)) — g(1)] (34)

Now, for any u, v € X, we evaluate the difference:

lAul@®) — AIO = |-/ (L(u®) - Lv®)] + [N(u®) - N(v®)]|
<7 (JL(u@) = L(v©)] + [N (@) = N(w©D)])
S Uy +Ly) lu—vlle JM™(1).

(t—s)m*
mla™ ’

Using Lemma 2.9, we have J**(1) = Taking the maximum over t € [s, T] of both sides, we obtain:

Ly + L)(T = s)™=
mla™

Il Alu] = AV] o< lu=viw=ylu—7vle (35)
Since y < 1, the operator A is a contraction mapping on X. Therefore, by Banach’s fixed point theorem, the sequence {u;};-,
converges to the unique fixed point u(t) € X, and the exact solution is given by u(t) = }lim u ().

4.Numerical examples

To clarify the steps outlined in the previous section and demonstrate the ease and efficiency of VIM within the MCFD framework,
provide ease and efficiency in finding either an exact or an accurate approximate solution to nonlinear fractional differential
equations, we present three distinct examples in this section. In the first example, we solve a nonlinear fractional delay differential
equation. The second example addresses a sequential nonlinear fractional initial value problem, while the third illustrates the
application of the fourth-order nonlinear fractional differential equation with variable coefficients.

Example 4.1: Consider the non-linear fractional delay differential equation [17]:

t
TRu@ = -1+2(5), 0<as1 t20 (36)
subject to the fractional initial conditions:
u(0) =0, u*(0)=1, u?%(0)=0. (37)
Since n = 3, and according to the formula (23), the iteration formula for Equation (36) is given by:
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Ot (ta ; (a>2 [T3“uk({) +1-2u? (g)] dy¢ (38)

According to formula (26), the variational iteration formula begins with:

1
Upr1 (8) = e (8) — Ef

t% 2a t%
uo(t) = u(0) + u*(0) — + u?*(0) 5— = —. 39)
a 2a a
The following approximations are obtained:
ta
() = =
1 ¢ 4
W = w0 -5 [ €= [7u0@) + 1- 28 (5)] des
2a? ), 2
t® t3a tSa
=t —
a 6a3 30(4%a5)
1t ¢
0O =u® — 50 [ €= [T @) +1- 26t (5)] das
0
ta t3a tSa t7a 1 1
= ———+4 — + ( + ) t9a
a 6a3 30-4%a> 315-16%a’ \9072x 64%a® 3780 * 256%a®
tlla t13a

" 44550 - 1024%a 11 * 772200 * 16384%q13

As special case when a = 1, we have

3 5 t7 t9 tll t13

RIS TR TRE TR

which is the exact solution of problem (36) - (37) at @ = 1.

u(lt) =t—

Table 1: Exact (at a = 1) and approximate solutions of Example 4.1 for various values of a, together with the absolute error at & =
1.

t a=0.8 a=0.9 a=1.0 Exact Absolute Error
0.0 0.000000 0.000000 0.000000 0.000000 0.
0.1 0.796819 0.139425 0.099833 0.099833 0.
0.2 0.338146 0.258074 0.798669 0.798669 555x%x 10717
0.3 0.459268 0.367195 0.295520 0.295520 555%x 10715
04 0.565310 0.468092 0.389418 0.389418 137 x 10713
0.5 0.658326 0.560956 0.479426 0.479426 152 x 10712
0.6 0.739400 0.645651 0.564642 0.564642 113 x 10711
0.7 0.809238 0.721945 0.644218 0.644218 6.77 x 10711
0.8 0.868379 0.789594 0.717356 0.717356 2.65 x 10710
0.9 0.917295 0.848386 0.783327 0.783327 9.62 x 10710
1.0 0.956441 0.898162 0.841471 0.841471 3.05x107°
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u(t)
1.0 mem ISR
k- - -’_—-,,,’
_ P
0.8F /,/’_,."
i B
0.6} A
t // ’/ ‘
0.4} P
t //'/,
02r /7
r-f;'/
..l..l..l..l...l..l..lt
0.2 0.4 06 08 1.0 1.2 1.4
M ;| — - (@=0.9)
----- (a=1.0) — Exact

Figure 1: Comparison of the approximate and exact solutions of u(t) for different values of a in Example 1

Table 1 displays the exact and approximate solutions of Equation (36) for different values of (a = 0.8,0.9, and1.0). It is evident
that, for a = 1.0, the approximate solution shows excellent agreement with the exact solution, with an absolute error on the order
of 10712 for t < 0.5, remaining below 107 up to t = 1.0. It is worth noting that only the second iteration u,(t) was utilized to
compute these approximations, demonstrating rapid convergence toward the exact analytical solution u(t) = sin(t). Furthermore,
Figure 1 illustrates the profiles of the fractional solutions for varying values of a, showing how they smoothly approach the classical
exact solution as a — 1.

Example 4.2. Consider the nonlinear fractional differential equation [14]:
TRu®) +u'®@ +u3@) =0, 1<B<2, t=0 (40)
subject to the fractional initial conditions:

u(0) =1, u*0)=0 (41)
B

For B € (1,2], i.e. € x5, we set m = 2 and define the auxiliary fractional parameter a = > with the corresponding operator given

2
by :TE)‘B — 72)2(1'
According to the formula (20), the iteration formula for Equation (40) is given by:

ga_ta
a

t
Wi (0) = wie(£) + f ( ) [T%ue () + i () + wi ()]dad (42)
0
According to formula (21), we obtain the initial approximation as:

uy(t) = u(0) + u“(O)% =1 (43)

We can obtain the following approximations:
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NG S) ,
w0®) =)+ [ T TR + () + 170
thz 0
= 1 - ﬁ (44)
1 t (ta _ (a) va , 5
u ) =w@®+ p Zl—_a[% u () +u'1(Q) +ui (] d¢
0
tZa t4a—1 t4a tGa tSa
=1 e T aBa—D@a—1D 8a*  40at T 2483 (45)
Now, transforming each term in equations (44) and (45) by a = g yield:
Uy =1
2t8
u(t) =1- ra
2t8 16261 2t28 8t3F 4t
u(t) =1-——- (46)

p7 "BGE—2(@F-2)  p*  5pc " 7p°

For B = 2 the solution (46) becomes as follows:

1 1 1 1 1
)=1—=t>+-t3+-t*——to +—1t8
u(®) 2 teU et 30" Taas

Table 2: Exact (at § = 2) and approximate solutions of Example 4.2 for various values of 8, together with the absolute error at g =
2.

t =18 =19 =20 Exact Absolute Error
0.0 1.000000 1.000000 1.000000 1.000000 0.

0.1 0.990896 0.993372 0.995179 0.995179 111 x 10716
0.2 0.970333 0.976548 0.981532 0.981532 0.
0.3 0.942733 0.952286 0.960494 0.960494 111 x 10716
04 0.911291 0.923011 0.933766 0.933766 111 x 10716
0.5 0.878828 0.891114 0.903264 0.903264 111 x 10716
0.6 0.847921 0.858965 0.871071 0.871071 0.
0.7 0.820914 0.828872 0.839367 0.839367 111 x 10716
0.8 0.799896 0.803034 0.810354 0.810354 0.
0.9 0.786676 0.783479 0.786187 0.786187 111 x 10716
1.0 0.782762 0.772017 0.768899 0.768899 111 x 10716
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u(t)

1.00f

0.95}

0.90f

0.85}

0.80}
[ " Il " " I L " 1 i L | i " 1:.\:-.: t
; 0.2 0.4 0.6 0.8 1.0

st (B B) s - (B=19) ===== (B=2.0)

— Exact (8=2.0)

Figure 2: Comparison of the approximate and exact solutions of u(t) for different values of g in Example 4.2

Table 2 presents a comparison between the exact solution with the approximate solutions obtained via the proposed method for
Example 4.2 at various fractional orders, specifically at 8 = 1.8,1.9, and 2.0. For the classical case B =2 (a = 1), the results
demonstrate exceptional accuracy, with the approximate solution u,(t) exhibiting near-perfect agreement with the exact series
solution, yielding an absolute error on the order of 10716 across the entire domain t € [0,1]. Furthermore, Figure 2 illustrates the
behavior of the approximate solution u(t) for different fractional values of g (8 = 1.8,1.9, and 2.0) along with the exact solution.
The figure clearly shows that the approximate solution for § = 2.0 converges to the exact solution.

Example 4.3. Consider the nonlinear fractional differential equation [21]:

t% t%
T4y (t) — sin <;)1Tz“u(t) +u(®)T%u(t) —u(t) = -1 —sin (;), 0<a<1,t=0 47)
subject to the fractional initial conditions:
u(0) =2, u®0) =0 u®90)=-1, uB?0)=0 (48)

Since m = 4, according to general formula (24) the optimal Lagrange multiplier is given by:

G M (R S Gt i M Y (et 5}
A((,t)—(4_1)! " =—z\7% (49)
Consequently, the variational iteration formula for Equation 47) takes the form:
U1 (1) = (1) — %f;(ta -¢%?
x [T, (@) = sin (£) 724%(@) + 0 @O “ui () = e () + 1+ sin (£)] du?
According to formula (26), we defined the initial trial approximation as:
@ t% 2a) tZa 3a) t3a tZa
— a - 2a 3a - - —
uy(t) = u(0) + u'*(0) p + u=%(0) a2 + u*(0) S 2 o (50)

Therefore, we obtain the iteration approximations:
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2a
up(t) = Z—W

1 t
W® = uo® — g [ €=
0

x <T4auo(o ~ sin <%> T2 (§) + ug(§)T %o () = p(§) + 1 + sim @)) e
t2a t4a téa t7®
22 T Hat las T

1 t
O R I G 0%
0

=2 —

x <T4au1(o — sin <%) T2 @) + (T U @) — @) + 1 +sin <%>> ot

tZa t4a t6a tSa

B TP T S P T
As a special case when a=1, we have:
t2  t*  t6  t8
u(t) = 1+(1_Z+Z_E+E_"')= 1+ cos(t)

which is the exact solution of problem (47) - (48) at @ = 1.

Table 3: Exact (at a = 1) and approximate solutions of Example 4.3 for various values of a, together with the absolute error at & =
1

t a=0.8 a=0.9 a=1.0 Exact Absolute Error
0.0 2.000000 2.000000 2.000000 2.000000 0.
0.1 1.980440 1.990233 1.995004 1.995004 5.55 x 10715
0.2 1.941098 1.966126 1.980067 1.980067 2.69 x 10712
03 1.888332 1.930148 1.955336 1.955336 1.01 x 10710
04 1.825018 1.883697 1.921061 1.921061 1.3 x107°
0.5 1.753165 1.827908 1.877583 1.877583 9.35%x107°
0.6 1.674378 1.763806 1.825336 1.825336 464 x 1078
0.7 1.590034 1.692376 1.764842 1.764842 1.78 x 1077
0.8 1.501354 1.614579 1.696707 1.696707 5.64 x 1077
0.9 1.409451 1.531364 1.621612 1.621610 1.54 x 1076
1.0 1.315346 1.443675 1.540306 1.540302 3.76 x 107°
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Figure 3: Comparison of the approximate and exact solutions of u(t) for different values of a in Example 4.3

Table 3 illustrates the numerical results of Example 4.3, comparing the approximate solutions obtained via the proposed method
for different fractional orders (¢ = 0.8,0.9, and 1.0) with the exact analytical solution u(t) = 1 + cos(t) at @ = 1.0. It is evident that
the second iteration u,(t) achieves remarkable precision, yielding an absolute error of only 5.55 x 1075 at t = 0.1, which remains
as small as 3.76 x 107° even at t = 1.0. Furthermore, Figure 3 depicts the dynamic profiles of u(t) across the interval ¢ € [0,1.5] for
various values of a. The graphical comparison confirms an excellent, overlapping agreement between the approximate solution at
a = 1.0 and the exact solution. In addition, as the fractional parameter a increases towards 1, the fractional response curves
continuously and smoothly merge into the classical solution 1 + cos(t), validating both the fast convergence rate and the high
analytical accuracy of the proposed method when solving higher-order nonlinear fractional differential equations.

5.Conclusion

In this work, we successfully adapted the VIM to solve linear and nonlinear fractional differential equations governed by the MCFD.
By formulating the correction functional using the fundamental conformable differential measure d,{ = ({ —s)*"1d{, we
rigorously derived the optimal Lagrange multiplier A({,t) via fractional variational theory. More importantly, the mathematical
derivation confirmed that the resulting kernel inherently recovers the exact MCFI operator. The computational efficiency,
robustness, and precision of the scheme were verified across several challenging nonlinear models. In all cases, only two or three
iterations were needed to produce series solutions that smoothly converge to the exact classical solutions as @ — 1, achieving
absolute precision on the order of 1076 without fractional Gamma functions or computationally intensive convolutions. These
findings show that this framework offers an accurate, straightforward alternative for fractional modeling, paving the way for future
extensions to coupled systems and higher-dimensional fractional partial differential equations.
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