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| ABSTRACT

We establish a simultaneous joint universality theorem for Dirichlet L-functions and their derivatives. This result unifies and
extends the joint universality theorem for Dirichlet L-functions due to Bagchi, Gonek and Voronin, and the simultaneous
universality theorem for the Riemann zeta-function and its derivatives recently obtained by the author. As an application of this
generalized universality, we investigate the value-distribution of Dirichlet L-functions and their derivatives.
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1. Introduction and statement of results

The study of value-distribution for the Riemann zeta-function {(s) has a long and rich history, and has been developed by
many researchers (see e.g. [16] and [17, Chapter XI]). In 1975, Voronin [18] established the so-called universality theorem for {(s).
This theorem asserts, roughly, that any non-vanishing analytic function can be uniformly approximated by vertical shifts of {(s).
We state it in the modern form (see [8, p. 225, Theorem 5.2]). For a measurable set A c R, we denote the Lebesgue measure of A
by meas A. Let D denote the strip {s € C: 1/2 < Res < 1}.

Theorem A. Let K be a compact subset of D :={s € C: 1/2 < Re s < 1} such that C\JXC is connected. Let f(s) be a nonvanishing
continuous function on X which is holomorphic in the interior (if any) of X. Then for any € > 0 we have

o1 )
llTnllgffmeas {‘L’ € [0,T]: ISTIE%Z(K(S +it) — f(s)| < e} > 0.

Similar universality theorems have been established for various zeta and L-functions, and provide interesting consequences
(see e.g. [11], [15] and [16]).

In particular, Bagchi [1] [2], Gonek [5] and Voronin [19] [7] independently obtained the universality theorem for the Dirichlet
L-function L(s, x) associated to a Dirichlet character y. Actually, they showed a stronger result, which is called the joint
universality theorem for Dirichlet L-functions. We now state it in a modern form (see [16, Theorem 1.10]). Let N denote the set of
positive integers.

Theorem B. Letn,qy, ...,qn € N. Let y; mod gy, ..., x, mod g, be pairwise non-equivalent Dirichlet characters. For each j = 1, ...,n,
let K; be a compact subset of D such that C\X;; is connected. For each j = 1, ...,n, let f;(s) be a nonvanishing continuous function
on X; which is holomorphic in the interior (if any) of X;. Then for any € > 0 we have

1
liTminf?meas {T € [0,T]: max max|L(s +it,x;) — f]-(s)| < e} > 0.

1sjs<ns€X;
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As in Theorem C below, a similar universality property holds for every derivative {®)(s) of the Riemann zeta-function {(s)
(see [9], [10] and [12]). Notice that the target function f(s) here is not necessarily nonvanishing.

Theorem C. Letv € N. Let K be a compact subset of D such that C\X is connected. Let f(s) be a continuous function on X which
is holomorphic in the interior (if any) of X. Then for any € > 0 we have

1
iminf— . (D) iT) —
llTnlg}meeas {‘L’ €[0,T]: Isneajlgd{ (s+ir) f(s)| < e} > 0.

Recently, the author [14] combined and improved Theorems A and C to establish a simultaneous universality theorem for the
Riemann zeta-function {(s) and its derivatives {U)(s), as in Theorem D below. In this paper, subsets K, ..., K,, © C are said to be
disjoint if K; N K;» is empty for any pair (j, j") with j # j'. As usual, let {©(s) denote {(s).

Theorem D. Let m € N. Let K, K, ..., Ky, be disjoint compact subsets of D such that C\X; is connected for each j = 0,1, ...,m. Let
fo(s) be a nonvanishing continuous function on X, which is holomorphic in the interior (if any) of K. For each j = 1, ..., m, let f;(s)
be a continuous function on X; which is holomorphic in the interior (if any) of X;. Then for any € > 0 we have

1 .
iminf— . )] it) — f:
liminf- meas {T €[0,T]: og}ii(n?é?cflc (s+i)—fi(s)| < e} > 0.

The first purpose of this paper is to establish Theorem 1 below, which provides a simultaneous joint universality theorem for
Dirichlet L-functions and their derivatives. This generalizes Theorem B to the simultaneous case involving derivatives, and
Theorem D to the joint case. Here, as usual, let L (s, y) denote L(s, y).

Theorem 1. Letn,m,qy, ...,q, € N. Let y; mod qy, ..., ¥, mod g, be pairwise non-equivalent Dirichlet characters. For each j =
1,..,n, let Kjo, K1, ..., Kjm be disjoint compact subsets of D. Suppose that C\Xy is connected for each j =1,..,nandk = 0,1, .., m.
Foreach j = 1, ...,n, let fjo(s) be a nonvanishing continuous function on Xj, which is holomorphic in the interior (if any) of Kj,. For
eachj=1,..,nand k =1,...,m, let fx(s) be a continuous function on K}, which is holomorphic in the interior (if any) of K.

Then for any € > 0 we have

it mess € (01} ey ms ma 106 + i5.2) = ()] < ] >0

The second purpose of this paper is to investigate the existence and distribution of simple a-points of Dirichlet L-functions
and their derivatives.

For a meromorphic function f(s) on the complex plane C and a complex number a, the zeros of the function F(s):= f(s) —
a are called the a-points of f(s). An a-point p of f(s) is said to be simple if F'(p)(= f'(p)) # 0.

Garunkstis and Steuding [4, Theorem 2] first proved that, for any complex number a, there are infinitely many simple a-points
of {(s) with arbitrarily large imaginary part. Later, Gonek, Lester and Milinovich [6, Theorem 4] showed Theorem E below on
simple a-points of {(s) by using Voronin’s original universality theorem [18].

Theorem E. Let 0y,0, € Rwith 1/2 < 0y, < 0, < 1, and let a € C\{0}. For T > 0, let N(T; a, 01, ;) denote the number of simple a-
points of {(s) in the rectangle {s € C: 0, < Res < 05, 0 <Ims < T}. Then

N(T;a,04,0,) »T asT — oo,
where the constant implied by > may depend on a, o, and o,.

By utilizing Theorem 1, we can establish the next theorem on the simultaneous distribution of simple a-points for Dirichlet L-
functions and their derivatives. For s, € C and r > 0, let B(s,, ) denote the open disk {s € C: |s — so| <7}.

Theorem 2. [etn,m,m’,M € N. Let y; mod qy, ..., X, mod g, be pairwise non-equivalent Dirichlet characters. Suppose that a;, €
C\{0}foranyj=1,..,nandl=1,..,m', and that aj; € Cforanyj=1,..,m, k=1,..,m,andl = 1,..,m'. Suppose that s;;; € D
foranyj=1,...n k=01,.,mandl=1,..,m. Letr > 0. Let A = A({x;}, m,m’, M, {ajx}, {Sjt}, ) denote the set of real
numbers t such that L® (s, x;) has at least M simple aj;-points in B(sjp + it,7) foranyj=1,..,n, k=0,1,..,m,and 1 = 1,..,m’".
Then

1
liTminf? meas{t € [0,T]: T € A} > 0.
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From this general theorem, we immediately deduce the following corollary concerning the distribution of simple a-points for
an individual Dirichlet L-function and its derivative, which extends Theorem E.

Corollary 1. Let q € N and let y be a Dirichlet character modulo q. Let k be a nonnegative integer. Suppose that a € C\{0} if k = 0
anda e Cifk #0. Let a;,00 E Rwith1/2 < 0y, <0, <1 ForT >0, let N(T; k, a, 01, 05, x) denote the number of simple a-points of
LU (s, x) in the rectangle {s € C: 0, < Res < 05, 0 < Ims < T}. Then

N(T;k,a,04,05,x) >T asT — oo,
where the constant implied by > may depend on q, x, k, a, 0,, and o,.

Notation 1. In this paper, let C, R, and N denote the sets of all complex numbers, real numbers, and positive integers,
respectively. For a subset S of C, let S denote the closure of S and let S denote the boundary of S. Let @ denote the empty set.

2. Preliminary results
In the proof of Theorem 1, we will use some results concerning topology on the complex plane C. Lemmas 1, 3 and 4 below
are given and proved in [13] (see also [14]).

Lemma 1. Letn € Nwithn = 2. Let K, ..., K,, be disjoint compact subsets of C such that C\K; is connected for each j = 1, ...,n.
Then C\(UJ,K;) is connected.

The next result is the well-known Jordan curve theorem.

Lemma 2. Let C be a Jordan curve (ie., a simple closed curve) in the complex plane C. Then its complement C\C consists of exactly
two connected components. One of these components is bounded and the other is unbounded, and the curve C is the boundary of
each component.

As in Section 1, let D denote the set {s € C: 1/2 < Res < 1}.

Lemma 3. Letn € N withn > 2. Let K, ..., K,, be disjoint compact subsets of C such that C\K; is connected foreachj=1,..,n
Suppose that K; ¢ D for each j = 1, ...,n. Then there exist integers Ny, ..., N, = 1 and Jordan polygons C;) (j = 1,..,n; k = 1,...,N;)
in D such that for each j = 1,..,n, K; € U:ilUj,k c U:’ﬂm cDandK; N Uy # @ forall k = 1, ..., N;, and such that all the

closures Uy (j = 1,..,n, k = 1,...,N)) are disjoint. Here, each U; ;. denotes the bounded connected component of C\C; (see Lemma
2).

The next result is a celebrated theorem of Mergelyan (see e.g. [5, p. 97, Theorem 1]).

Lemma 4. Let K be a compact subset of C such that C\K is connected. Let f be a continuous function on K which is holomorphic in
the interior (if any) of K. Then, for any € > 0, there exists a polynomial P such that

max|f(s) = P(s)l <e.

3. Proof of Theorem 1

By modifying suitably an argument in [14] and [13], we shall prove Theorem 1. According to Lemma 3 (in which we take K; =
Kjos s K1 = Ky for each j = 1, ..., n individually), there exist integers Njy, ..., Nj, = 1 (j = 1, ...,n) and Jordan polygons Cjy,
G=1..mk=1,.,ml=1,..,Ny) in D satisfying the following two conditions for each j: (i) for each k = 1, ..., m, we have
Kjx Uivzj';Ujkl c U;V:”;m c D and Kj, N Uy # @ forall I =1, ..., Njg, and (i) Ko and the sets Uy (k = 1,...,m;1 = 1, ..., Nj;) are
disjoint. Here, each Uy, denotes the bounded connected component of C\Cj; (see Lemma 2).

Let € > 0 be arbitrary. By virtue of Lemma 4, we have polynomials p; ; (s) such that

€ o _
Srgg%ﬁjfjk(s) —p,-,k(s)| < 3 foreachj=1,..,nand k =1,..,m. (D

Every p; «(s) is defined and holomorphic on C. Hence, for every j and k, there exist holomorphic functions (polynomials)
Pjii-1(5) P k—2(8)s s Pjk,0(s) on C such that

d d
%pj,k,k—l(s) =pjr(s), -, gpj,k,o(s) =Pja(s) 2
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Foreachj=1,..,n,k=1,..,mand [ =1, .., N, we define the constant

bj; = S?%lpj,k,o )| 3)

and the function
gjki($) =Djko(s) + by +1, seC (4)

Then by (2),
9512 () = Pjk(s). )
For eachj =1, ...,n, we put
m Njk___

t=360 (8, U7 e 2. ©

Noting that for each j, Kj, and the Uy,'s are disjoint, we define the function h; on K; by

f}'o(s) fors e :]C]-O'
hJ(S) = —_— _ o
gjkl(s) fors e Ujkl (k = 1, ., m, = 1, 'IV]k)
By (4) and (3) we see that the function gj; has no zeros on m This and the condition on fj, imply that

the function h; has no zeros for each j = 1,...,n. ©))

Let us take a small positive real number €, such that

k! €
> length (i) € max |(z—s)=¢+D)| < 3 (8)

Z€Cjp,SE€EK jkNU jjr

forallj=1,..,n,k=1,..,mand [ =1,.., Ny, and such that ¢, < /3.

According to Lemma 2 and the definition of Uy, the set C\Ujy, is connected for any j, k, I. By condition, C\Xj, is connected
for each j. For each j, Kj, and the m’s are disjoint compact subsets of C. Therefore, (6) and Lemma 1 imply that

C\K; is connected for each j = 1, ...,n. 9

Using (9), (7) and Theorem D, we obtain the following approximation on K, ..., Ky:

1
liminf =~ meas {r € [0,T]: max mr;l(x|L(s + it x) —hi(s)| < eo} > 0. (10)
—00 j

1<j<nse
Suppose that 7 is a nonnegative real number satisfying

lr‘éljagilgéelgdL(s +it, %) — hi(s)| < €. (11)

Then by definition (6), for eachj =1, ...,n,
Srgj%;ﬂL(s +it, %) — fjo(s)| <€ (12)
and

max max (L(s +it,xi) — gir1(S)| < €o,
1sksm,1slijkseCjkl| ( ) = g ()| < € (13)

since Cjyy = dUjy; € Uy by Lemma 2.
By (5), Cauchy's integral formula for derivatives, (13) (in which we replace s by z) and (8), we see that 7 satisfies the following:
forany j, k and [, and uniformly for s € K N Uy (+ 0),
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. . k
L9 (s + i, 1)) = pya(s)] = [LOGs + im,27) = g5 6))|

k! Lz+it,x;) — gjru(2)
=155 k+1 dz
2mi Ciut (z—53) (14)
k!
< . i N—qg.: — )~ (k+1)
< anength(C}kl)ZIIE]%)’fllL(Z +it,%)) g]kl(Z)|Zecjkl‘?é?{)§knujkl|(z 5) |
€
< 3

Since K, U?I:"’;Ujkl for any j and k, it follows from (1), (12), (14) and ¢, < €/3 that 7 satisfies

max max max [LO(s +it, ¥:) — fi(s
15jsn05ksms€7(jk| s+ 'Xl) flk( )l

< maxmax{max |L(s + it, x;) — fio(s
T 1<jsn {seinol ( 'X]) fJO( )l'

B ) = S

€
< maxmaxi€,, max max|L®(s +it,x;) —pir(s +—}
1<jsn { 0 1sksmsexjk| ( X]) p"k( )l 3

€ €
< max{eo, -+

1<

This and (11) imply that the set of such 7 has positive lower density. Theorem 1 is proved.

4. Proof of Theorem 2
We shall now prove Theorem 2. Let us take complex numbers zjy,, j = 1,..,m; k=01,...,m; l=1,...m;v=1,..,M)and a
small positive real number § < min, <<, 1 <j<m’|ajor| such that

B(Zjkw,8) € B(sjx,7) and  B(Zjy,6) €D forany j,k,l,v (15)
and such that
the sets B(zjxy, 6) are disjoint. (16)

Foreachj=1,..,nand k = 0,1, ...,m, we put

7

m M -
K = Y Y B(Zw, 6) =D a7
and define the function fj; on X by
fix(8) =5 — Zjjyy + ajyy  for s € B(Zjxyy, 8) (18)

in view of (16).
Since § < minlsjsn,lslsm’lajollr the function fj,(s) has no zeros on Kj,. By (16), the sets Ky j = 1,...,n; k = 0,1,...,m) are
disjoint. Thus it follows from Theorem 1 that

1
liTminf?meas {‘[ € [0,T]: max max max [L®(s + it,x;) — fjk(s)l < 8} > 0. (19)

1<jsn 0sksm s€Xjx
Suppose that 7 is a real number satisfying

max max max |L(k)(s +it,xj) — fjk(s)l < é. (20)

1<jsn 0sksm s€Xjk

We fix any integers j, k,LLvwithj=1,..,n,k=0,..,m,l=1,..,m',and v = 1,..., M. Then by (17), (20) and (18), for any s €
0B (Zjkw, 6), we have

[(L9(s + it x) = ajrr) = (Fie(8) = @) | = |[LP (s + it, 1)) = fine(5)]
<6 = s = zw| = | (s) = G-
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The function fj,(s) — ajx; = s — zjxw has only one zero, counted with multiplicity, in B(zj,,, ). Hence by Rouché’s theorem, the
function L&) (s + it, x;) — aji; has a zero of multiplicity one in B(zj,, 8), which implies that the function L® (s, x;) has a simple
aj-point in B(zjyy, + it, 8). Therefore by definition, (15) and (16), we have t € A. This and (19) yield the theorem.

5. Proof of Corollary 1

We shall now prove Corollary 1. In Theorem 2, we choose n = 1, m = max{k,1}, m' =1, M = 1, ay; = a, and syj; = So: =
%(01 + 03) forall j =0, ...,m. (For j # k, the choices of a,;; are arbitrary, provided a;o; # 0.) We set r to be a positive real
number with r < %(02 —0y) < %. Note that B(so + it,7) € Dy, 4, for any r € R, where D, ,, :={s € C: 0; <Res < g,}.

By Theorem 2, the set A of real numbers 7 such that L% (s, x) has a simple a-point in B(s, + it,7) has positive lower density.
This means that there exists a constant ¢ > 0 such that

meas(A N [r,T—1]) = cT 21)

for all sufficiently large T.

From the set A N [r, T — r], we can extract a sequence of points 7; < 7, < -+ < 1 satisfying t,,1 — 7, = 2rforv=1,...,F — 1.
Indeed, we can choose 1, = inf{t € A N [r,T —r]}, and recursively choose t,,, = infifr e AN [r,T —r]: T = 1, + 2r}. Each
chosen point 7, eliminates an interval [t,, T, + 2r) of length at most 2r from A N [r, T — r] for the next choice. Thus, the number
E of such points we can extract must satisfy E - 2r = meas(A N [r, T — r]). In view of (21), this implies that E > %T.

For these chosen points 7, the open disks B(s, + it,,7) are disjoint since the distance between any two centers is at least 2r.
Moreover, since T, € [r,T — r], these disks are strictly contained in the rectangle {s € C: 0; < Res < 05, 0 < Ims < T}. Since 7,, €
A, the function L™ (s, y) has at least one simple a-point in B(s, + it,,7) for each v = 1, ..., E. Therefore, the total number of
simple a-points of L&) (s, ) in this rectangle is at least E. We conclude that

c
N(T;k,a,01,05,x) 2 E ZET »>T asT — oo.

This completes the proof.
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