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| ABSTRACT

Let SL, be the finite free semilattice on X,, = {1,2, ...,n} and [}, be the zero-divisor graph of SL,. In this paper, we find the atom-
bond connectivity index, Randi¢ index and harmonic index of I, for n > 3.
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1. Introduction

The zero-divisor graph of a commutative ring is defined by Beck; however, the zero element of the ring is a vertex in Beck's
definition [2]. Subsequently, Anderson and Livingston redefined the zero-divisor graph of a commutative ring which is the
standard zero-divisor graph of a commutative ring [1]. Let R be a commutative ring and Z(R) be the set of zero-divisors of R.
The zero-divisor graph of R is denoted by I'(R). It is an undirected graph with vertex set Z(R)* = Z(R)\{0} and distinct vertices x
and y are adjacent in I'(R) if and only if xy = 0. Let S be a commutative semigroup with zero and Z(S) be the set of zero-divisors
of S. Demeyer et al. defined the zero-divisor graph of S [3]. The zero-divisor graph of S is denoted by I'(S) and it is an undirected
graph with vertex set Z(S)* = Z(5)\{0} and distinct two vertices x and y are adjacent in I'(R) if and only if xy = 0.

Let G be a graph. A graph G consists of two pairs (V(G), E(G)), where the vertex set of G is denoted by V(G), and the edge set of
G is denoted by E(G).

Definition 1.1. For any n + 1 different vertices u = vy — - — v, —v,41 = v in V(G), if there exists an edge v; — v;,4 in E(G)for
each1<i<n, thenu=v; —-—v, — v, = vis called a path between u and v.

Definition 1.2. A graph G is called a connected graph if there exists a path from u to v for every pair of distinct vertices u,v €
V(G). If G does not have any loops or multiple edges, then G is called a simple graph.

In this paper, we only consider simple graphs.
Definition 1.3. The eccentricity of a vertex v in G is denoted by ecc(G) and defined by
ecc(v) = max {d;(u,v) : u € V(G)}.
The diameter of G is denoted by diam(G) and defined by
diam(G) = max {ecc(v) : v € V(G)}.
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Definition 1.4. The length of the shortest cycle contained in a graph G is called the girth of G and it is denoted by gr(G).
Moreover, if G does not contain any cycles, then its girth is defined as infinity.

Definition 1.5. The degree of a vertex v € V(G) is the number of vertices adjacent to v, denoted by deg;(v) . Among all
degrees, the maximum degree is denoted by A(G), and the minimum degree is denoted by §(G).

Definition 1.6. Let C be a non-empty subset of V (G). If every two distinct vertices in C are adjacent, then C is called a clique in
G. The number of all the vertices in any maximal clique of G is called clique number of G.

Definition 1.7. If we color all the vertices in G with the rule that no two adjacent vertices have the same color, then the minimum
number of colors needed to color of G is called chromatic number of G.

Definition 1.8. Let G be a graph and |V(G)| = n. The adjacency matrix of G is a binary matrix of order n. The entries of the
adjacency matrix are 1 if two vertices are neighbors of each other and 0 otherwise.

Definition 1.9. Let D be a nonempty subset of the vertex set V(G) of G. If, for each u € V (G)\D, there exists v, € D such that
u—1v, € E(G), then D is called a dominating set. The cardinality of minimum cardinality of a dominating set of G is called
dominating number of G.

Definition 1.10. An independent set of a graph G is a subset of vertices V(G) such that no two vertices in the subset represent
an edge of G. The cardinality of maximum cardinality of a independent set of G is called independence number of G.

Definition 1.11. An edge coloring of a graph is an assignment of colors to the edges of G such that no two adjacent edges have
the same color. The minimum required number of colors for and the edge coloring of G is called the chromatic index of G.

Let n € Z* and X,, = {1,2, ...,n}. Let SL, be the set consisting of all subsets of X,, except the empty set. SL,, is a commutative
semigroup of idempotents with the multiplication A.B = AU B for A,B € SL,, and it is called the free semilattice on X,,. The
zero-divisor graph of SL, is denoted by I'(SL,,), and Toker investigated many properties of I'(SL,, ) forn = 3 in 2016 [9]. For n >
3, Toker proved that I'(SLy,) is a connected graph and diam(I'(SL,)) = 3. Moreover, the degree of any vertex, domination
number, independence number, clique number, chromatic number, and chromatic index of I'(SL,,) have been determined [9]. In
this paper, we use I, instead of I'(SL,,) for convenience.

In 1998, Estrada et al. defined the atom-bond connectivity index of a connected graph [4]. Let G be a graph. The atom-bond
connectivity index of G is denoted by ABC(G), where

ABC(G) = Yu-ver(e) /d“;ud;y_z.
In 1975, Milan Randi¢ introduced the Randi¢ index of a graph [7]. For a graph G, the Randi¢ index of G is denoted by R(G) and

1
R(G) = Yu-ver(6) /m~

The harmonic index of a graph was first observed in a paper in 1987 [5].The harmonic index of G is denoted by H(G) and

2
H(G) = Yu-ver) T

We refer to [6, 8] for other terms in semigroup and graph theories, which are not explained here. In this paper, we calculate the
first atom-bond connectivity index, Randi¢ index and harmonic index of I, for n > 3. In addition, we give an example.
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2. Main Results

Let G be graph and v € V(G). Moreover, let

[du+d,—2
x(v) = ZuEN(v) dud,
1
y(@) = ZuEN(v) audy

2
z2(V) = Yuenw) T

Thus, it is easy to see that

dy+d,~2_1
dyd, 2

ABC(G) = Zu—vEE(G) ZvEV(G)x(v)r

1 1
R(G) = Yu-ver(a) = 7 2Zvev@) Y(W),

2 1
H(G) = Zu—UEE(G)m =3 Xvev(c) (V).

Forn =3, let A€ V(I},) and |A| = k where 1 < k <n — 1. Then, degr, (v) = 2k —1, and there are (’;) vertices in T, whose vertex
degrees are 2¥ — 1 [9].

In the following theorem, we give the atom-bond connectivity index of I3, forn > 3.

(2n—k+r—1)4(2k-1)-2
(Zn—k+r_1).(2k_1) .

Theorem 2.1. For n > 3, we have ABC(I,) = éZ}};} ’T‘;(}(Z)(’;)
Proof. Let n = 3 and 4 € V(I;,) where |A| = k for 1 < k < n — 1. Moreover, let
W,={AUB:A—AUB€EE,),0=BSAand |B|=r}

for 0 <r <k —1. Let N(A) be the set of all adjacent vertices of A in [,. It is easy to see that W, n W, = @ where a # b and
N(A) = U3 W, Itis clear that [W;| = (¥), and if Q € W}, then degr,)(Q) = 2"7**™ — 1. It follows that

_ wk-1(k (2n—k+r_1)+(2k-1)-2
X(A) - Zﬁ:é(r) . (Zn—k+r_1)_(2k_1)

Since there are (Z) vertices in T,, whose vertex degrees are 2% — 1, we conclude that

1 _ lon-— _ kY [(@PkT—1)4(2k-1)-2
ABC () = 5 Xaevry ¥(A) =3 i 25500 () |~ ey iy

In the following theorem, we give the Randi¢ index of I, forn > 3.

1

Theorem 2.2. For n > 3, we have R(T},) = %Zﬁ;} TR () P yerm

Proof. Let n = 3 and 4 € V(I,) where |A| = k for 1 < k < n — 1. Moreover, let

W,={AUB:A—AUB€EET,),0=BGAand |B|=r}
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for 0 <r <k —1. Let N(A) be the set of all adjacent vertices of A in [,. It is easy to see that W, n W, = @ where a # b and
N(A) = UKZiW,. It is clear that [W;|=(¥), and if Q €W, then degq,(Q)=2"*"—1 It follows that y(4)=

e 1) W Since there are () vertices in I}, whose vertex degrees are 2 — 1, we conclude that

-1).(2k-1)"

1 1 — —
R(Fn) = EZAEV(Fn)y(A) = EZ;CI=% Zl_ﬁ:(]).(:) (I:) (an—k+r

Theorem 2.3. For n > 3, we have H(T},)) = %Z}};} T G

1

2
1)+(2k-1)

Proof. As in the proofs of Theorem 2.1 and Theorem 2.2, it is easy to see that

It follows that H(T,,) = %ZAEV([‘n) z(4) = %Z’,@;} TR )

_ yk-1(k 2
Z(A) - ZT:O(r)' (2n-k+r_1)4(2k—1)’
S S
(n-k+r—1)+(2k-1)

Example 2.4. Let I = I[; and A4 be the adjacency matrix of . Then, we have

(00000000000000000000000000000 17
000000000000000000000000000010
000000000000000000000000000100
000000000000000000000000001000
000000000000000000000000010000
000000000000000000000000100011
000000000000000000000001000101
000000000000000000000010001001
000000000000000000000100010001
000000000000000000001000000110
000000000000000000010000001010
000000000000000000100000010010
000000000000000001000000001100
000000000000000010000000010100
000000000000000100000000011000

000000000000010000010010101011
000000000000100000100100110011
000000000001000001000011001101
000000000010000010000101010101
000000000100000100000110011001
000000001000000001011000001110
000000010000000010101000010110
000000100000000100110000011010
000001000000000111000000011100
000010001001011001011011101111
000100010010101010101101110111
001000100100110100110110111011
010001000111000111000111011101

-1).(2k-1)"

000000000000001000001001100111§

'100001111000000111111000011110-

I is isomomorphic to the following graph in Figure 1.
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Moreover,

3. Conclusions

Figure 1

_1lyua k=1(5\(k) |@**T-D+@k-1)-2 5V14  10V8 80 | 60 | 15Vi2
ABC(D) =%k X¥26 () () /—(25_,{”_1).(2,(_1) = Et ettt T

_1lyu4 k=1(5y(ky _ Y  _ 5 , 10, 20 , 30 _ 59
R() = 2 Lie=1 ZT:O(R) (r) (25-k+7-1),(2k-1) ~ V15 + V21 + Va5 + V105 to
_1lgoa k—1(5\ [k 2 _ 26 30 | 5 15
H(F) - Ezk=1 Zr:O (k) (r) (25-k+7_1)+(2k-1) =2+ ? + H + E + 7 .

20V7
15

Many topological indices have been introduced, and several of them have been found to have various applications. The atom-
bond connectivity index and Randi¢ index have received considerable attention in mathematics and chemistry. In this paper, we
study the atom-bond connectivity index, Randi¢ index, and harmonic index of zero-divisor graphs of finite free semilattices.
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