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| ABSTRACT 

Serving a stream of requests across large language models (LLMs) of differing cost and quality is an online allocation problem, 

usually framed as multi-armed bandits. We frame it as feedback control: a direct-acting Proportional–Integral–Derivative (PID) 

controller whose setpoint is the running fleet-average performance and whose bounded output adjusts each model’s allocation 

share, with requests routed by weighted sampling over the allocation vector. This work contributes (i) a stability analysis of the 

closed loop — bounded-input bounded-output behaviour by anti-windup, exponential convergence of the performance 

estimates via a Lyapunov function, and a persistent-excitation condition guaranteeing recoverability after a regime change; (ii) a 

closed-form, analysis-grounded automatic tuning rule requiring no per-dataset search; and (iii) an honest head-to-head against 

static, round-robin, random, epsilon-greedy, UCB1, Thompson sampling, and the non-stationary bandits Sliding-Window UCB 

and Discounted UCB, on GSM8K with a checkable exact-match reward, reporting inference cost and request latency alongside 

quality. Under transient drift the auto-tuned controller is statistically tied with the best non-stationary bandit at lower cost; under 

a persistent regime shift it significantly outperforms both (p < 0.03). We further show the integral term helps only under a 

persistent shift — a proportional controller suffices for transient drift — and evaluate robustness to noisy rewards. The result is 

an interpretable, stability-analyzed, auto-tuned routing controller competitive with or superior to non-stationary bandits at lower 

cost. 
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1. Introduction 

Production language-model deployments increasingly expose several models — a strong expensive model, a cheaper mid-tier 

model, perhaps a small local one — and must decide, per request, which to use. The trade-off among answer quality, monetary 

cost, and latency shifts over time as providers change, models are updated, or endpoints degrade. 

The dominant framing is the multi-armed bandit: each model is an arm, reward is answer quality, and algorithms such as UCB1 

or Thompson sampling balance exploration and exploitation. Bandits are strong baselines, but their standard forms assume 

stationary arms; the non-stationary variants — Sliding-Window and Discounted UCB (Garivier & Moulines, 2011) — are the 

appropriate comparison under drift. We study an alternative, control-theoretic framing in which each model’s observed 

performance is a measured signal, the fleet-average performance is a setpoint, and each model’s traffic share is an actuator 

driven by a PID controller. 

Relative to a bandit baseline, our contributions are: (i) a stability analysis of the routing loop, including a persistent-excitation 

condition (a minimum-allocation floor) that guarantees recoverability after a regime change; (ii) a closed-form auto-tuning rule 

grounded in that analysis, eliminating per-dataset hyperparameter search; and (iii) an honest, cost- and latency-aware 
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benchmark against seven baselines including non-stationary bandits, in which the auto-tuned controller ties the best bandit 

under transient drift and significantly beats it under a persistent shift, at lower cost. We also report a negative result: the integral 

and derivative terms are unnecessary under transient drift (the tuned controller is effectively proportional), and the integral earns 

its place only under a persistent shift. 

2. Literature Review 

Language-model routing and cascades. FrugalGPT (Chen et al., 2023) cascades cheap-to-expensive models with a learned 

stopping rule; RouteLLM (Ong et al., 2024) learns a binary router between a strong and weak model from preference data; 

Hybrid-LLM (Ding et al., 2024) routes queries by predicted difficulty. These learn a routing policy offline from data; we instead 

adapt allocation online with a controller and no training. 

Multi-armed bandits. UCB1 (Auer et al., 2002) and Thompson sampling (Thompson, 1933; Chapelle & Li, 2011) assume 

stationarity; the Sliding-Window and Discounted UCB policies (Garivier & Moulines, 2011) target non-stationarity and are our key 

baselines under drift. 

Feedback control for computing systems. PID control (Åström & Hägglund, 2006) is standard for autoscaling and resource 

allocation. We apply it to language-model traffic allocation with a deliberately non-standard, direct-acting sign so that better 

performers gain share, and we analyze the resulting closed loop. 

3. Methodology 

3.1 Setup 

With 𝑁 models, at decision step 𝑡 the router holds an allocation vector 𝑎(𝑡) ∈ Δ𝑁−1 and routes the request by sampling a model 

𝑚 ∼ Categorical(𝑎(𝑡)). After observing reward 𝑟 ∈ [0,1] (answer quality) for the chosen model, it updates 𝑎. 

3.2 Direct-acting PID controller 

Each model has a controller. Its measured performance 𝑝𝑖(𝑡) is a rolling mean of the last 𝑤 observed rewards. The setpoint is the 

fleet-average performance 𝑠(𝑡) =
1

𝑁
∑ 𝑝𝑗𝑗 (𝑡), and the error is direct-acting, 𝑒𝑖(𝑡) = 𝑝𝑖(𝑡) − 𝑠(𝑡), so 𝑒𝑖 > 0 means model 𝑖 beats 

the fleet and should gain share (this inverts the classical setpoint − measured sign). Note ∑ 𝑒𝑖𝑖 (𝑡) = 0. The controller output is 

𝑢𝑖(𝑡) = clip (𝑘𝑝𝑒𝑖(𝑡) + 𝑘𝑖∑𝑒𝑖
𝜏≤𝑡

(𝜏) Δ𝑡 + 𝑘𝑑
𝑒𝑖(𝑡) − 𝑒𝑖(𝑡 − 1)

Δ𝑡
, −𝐿,  𝐿), 

with fixed logical timestep Δ𝑡 = 1, the integral clipped to [−𝐼max, 𝐼max] (anti-windup), and output bound 𝐿. The bounded output 

is the allocation delta directly. Allocations are floored and renormalized: 𝑎̃𝑖 = max(𝑎min, 𝑎𝑖
base + 𝑢𝑖) and 𝑎𝑖 = 𝑎̃𝑖/∑ 𝑎̃𝑗𝑗 . 

3.3 Routing, ablation, and the persistent-excitation floor 

Routing is weighted sampling over 𝑎(𝑡); the controller is the primary driver of the decision. Freezing 𝑎(𝑡) = 𝑎base recovers a static 

policy (the PID-disabled ablation). The floor 𝑎min > 0 guarantees every model is sampled with probability at least 𝑎min each step 

— a persistent-excitation condition used in the analysis. 

3.4 Closed-form auto-tuning 

Rather than searching, we set gains from a one-shot system identification of the environment: the window 𝑤 from the reward 

variance (a bias/variance/tracking trade-off), the proportional gain 𝑘𝑝 so a typical performance gap maps near the bound 𝐿, the 

floor 𝑎min from the persistent-excitation requirement, and 𝑘𝑖 , 𝑘𝑑 = 0 except when targeting a persistent shift. 

4. Theoretical Analysis 

We analyze the loop under three assumptions. (A1) Exogenous performance: a model’s expected reward 𝜇𝑖(𝑡) is determined 

by the environment, not by the routing decision — calling a model does not change its quality; routing changes only sampling 

rates. (A2) Estimator dynamics: in expectation the estimate is a first-order filter, 𝑝‾𝑖(𝑡 + 1) = 𝑝‾𝑖(𝑡) + 𝛼(𝜇𝑖 − 𝑝‾𝑖(𝑡)) with 𝛼 =

1/𝑤 ∈ (0,1) when model 𝑖 is sampled. (A3) Persistent excitation: 𝑎min > 0, so each estimate is refreshed at rate at least 𝑎min. 

Proposition 1 (Boundedness / BIBO). By output clipping and integral anti-windup, 𝑢𝑖(𝑡) ∈ [−𝐿, 𝐿] for all 𝑡 and all inputs; after 

flooring and renormalization 𝑎𝑖(𝑡) ≥ 𝑎min/(1 + 𝑁𝐿) > 0, so 𝑎(𝑡) lies in a compact subset of the simplex. The closed loop is thus 

bounded-input bounded-output stable by construction, with no assumptions. 

Proposition 2 (Exponential estimator convergence; Lyapunov). Under (A1)–(A2) with stationary 𝜇, let 𝑉(𝑡) = 1 2⁄ ∑ (𝑖 𝑝‾𝑖(𝑡) − 𝜇𝑖)
2. 

Along the mean dynamics 𝑉(𝑡 + 1) = (1 − 𝛼)2𝑉(𝑡), so 𝑉 is a Lyapunov function and 𝑝‾𝑖 → 𝜇𝑖 globally exponentially at rate (1 −

𝛼)2. Because 𝜇 is exogenous (A1), no choice of gains can destabilize the estimate — there is no algebraic loop through the plant. 
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Proposition 3 (Allocation convergence). The map from errors to allocation (clip, affine, floor, renormalize) is Lipschitz. Composed 

with the converging bounded errors of Proposition 2 (𝑒𝑖 → 𝑒𝑖
∗ = 𝜇𝑖 − 𝜇‾), the allocation converges to a bounded fixed point: for 

the proportional controller it reaches the fixed point in one step; for the full PID a persistent nonzero error drives the integral 

into anti-windup saturation (Proposition 1), and the output converges to the saturated fixed point. 

Proposition 4 (Recoverability under a regime shift). If 𝜇 changes at time 𝑇, (A3) ensures each model is resampled within expected 

1/𝑎min steps, and by (A2) its estimate re-converges with time constant 1/𝛼 = 𝑤. Hence the controller detects and re-tracks the 

shift within 𝑂(𝑤 + 1/𝑎min) steps. The floor 𝑎min is therefore essential: without persistent excitation a model driven to zero share 

would never be re-measured and the loss could not be undone. 

Gains and scope. Because 𝜇 is exogenous, 𝑘𝑝 cannot destabilize the loop; it only sharpens the static error-to-allocation map and 

hastens saturation. The binding design quantities are the estimator time constant 𝑤 and the excitation floor 𝑎min, which 

motivates the closed-form tuner of Section 3.4. These results hold for the mean/EMA idealization with exogenous performance 

and bounded excitation; they establish boundedness, exponential estimator convergence, allocation convergence, and 

recoverability, but not almost-sure convergence of the full stochastic sampling process, regret bounds, or behaviour if (A1) fails. 

The derivative term is excluded from the guarantees as it amplifies measurement noise. 

5. Results and Findings 

5.1 Experimental setup 

The reward is numeric exact-match on GSM8K (Cobbe et al., 2021) after answer extraction — an objective, checkable signal. We 

use 300 test items and two OpenAI models, gpt-4o (strong, higher cost) and gpt-4o-mini (cheaper); each model’s response to 

each item is recorded once and replayed offline, so every run is deterministic and free. Baselines are static (equivalent to PID-off), 

round-robin, random, epsilon-greedy, UCB1, Thompson sampling, Sliding-Window UCB, Discounted UCB, best-single-model, 

and the PID controller. Scenarios are stationary, transient drift (the strong model degrades over steps 100–200 then recovers), 

and persistent drift (degradation begins mid-run and does not recover); perturbations are seeded quality flips plus a latency 

spike. We report means over five seeds with 95% confidence intervals and a two-sided paired-bootstrap significance test. Every 

tunable baseline (PID and both non-stationary bandits) is tuned by the same protocol — grid search on validation seeds — for 

fairness; the reported PID additionally uses the closed-form auto-tuner. All reported numbers use disjoint held-out evaluation 

seeds. 

5.2 Stationary and transient drift 

In the stationary regime both models are near ceiling, so mean quality ties across strategies (≈0.955–0.963, overlapping intervals; 

𝑝(pid vs. ucb1) = 0.61); cost is the only differentiator, and adaptive or rotating policies keep ≈99% of the strong model’s quality 

at ≈55% of its cost. Table 1 reports transient drift. 

Strategy Quality Cost Latency 

PID (auto-tuned) 0.937 ± 0.008 $0.183 3.9 s 

Discounted UCB 0.933 ± 0.003 $0.249 3.7 s 

Sliding-Window UCB 0.933 ± 0.009 $0.244 3.6 s 

UCB1 0.927 ± 0.006 $0.239 3.9 s 

Thompson sampling 0.926 ± 0.028 $0.127 4.0 s 

Round-robin 0.861 ± 0.006 $0.303 4.8 s 

Static (PID off) 0.850 ± 0.026 $0.313 4.9 s 

Best single model 0.775 ± 0.027 $0.566 5.8 s 

Table 1. Transient drift (held-out seeds). Adaptive methods also reduce latency by routing away from the latency-spiked model. 

The auto-tuned controller is nominally highest and cheapest in the top tier; versus the non-stationary bandits the difference is 

not significant (𝑝 = 0.18 vs. Discounted UCB, 𝑝 = 0.26 vs. Sliding-Window UCB) — a statistical tie at lower cost. Figure 1 is the 

cost–quality Pareto and Figure 2 the drift-response time series. 
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Figure 1. Cost–quality Pareto across strategies under transient drift (means with 95% confidence intervals). Up and to the left is 

better. 

 

Figure 2. Drift response: quality versus step (moving average), with the drift window shaded. The auto-tuned controller reacts 

fastest at drift onset and tracks the non-stationary bandits, while non-adaptive baselines sag and the single-model policy 

collapses. 

5.3 Persistent drift 

Under a sustained shift (Table 2) the auto-tuned controller significantly outperforms both non-stationary bandits (𝑝 = 0.011 

vs. Discounted UCB, 𝑝 = 0.026 vs. Sliding-Window UCB), tying only the high-variance Thompson sampling, and at lower cost 

than the UCB variants. 

Strategy Quality Cost 

Thompson sampling 0.923 ± 0.028 $0.126 

PID (auto-tuned) 0.923 ± 0.005 $0.151 
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Table 2. Persistent drift (held-out seeds). 

5.4 Integral term, noise robustness, cost-aware control, and auto-tuning 

The auto-tuner selects an effectively proportional controller (𝑘𝑖 = 𝑘𝑑 = 0) for transient drift; adding an integral term does not 

help there and, under noisy rewards, hurts (quality 0.87 versus 0.92 at 20% reward-flip noise). Under persistent drift the integral 

term does help (0.919 versus 0.908 for pure proportional), consistent with Proposition 3. Sliding-Window UCB is the most noise-

robust baseline (0.914 at 30% noise), with the proportional controller close behind (0.903). With a cost-aware reward (𝑟 − 𝜆 cost, 

𝜆 = 0.5) the controller trades a 0.8-point quality drop for a 78% cost reduction ($0.303 → $0.068), moving deliberately along the 

cost–quality frontier; UCB1 behaves comparably. Finally, the closed-form auto-tuner, identifying the plant from the recorded 

responses, selects 𝑘𝑝 = 5.0, 𝑤 = 5, 𝑎min = 0.02 and matches or exceeds the grid-search optimum (transient drift 0.937 versus 

0.928; persistent 0.923 versus 0.908) with no per-dataset search. 

Limitations. Two models on one task leave both near ceiling in the stationary regime, so the informative differences are under 

drift. The theory holds under the exogenous-performance and bounded-excitation idealizations and does not give regret or 

almost-sure-convergence guarantees for the full stochastic system. Thompson sampling remains a strong, cheap baseline that 

ties the controller under persistent drift. The drift is synthetic (seeded), not an observed provider outage. We do not benchmark 

against learned language-model routers (e.g., RouteLLM), which require training and a different setup; a confidence-cascade 

comparison is left to future work. 

6. Conclusion 

Adaptive language-model routing admits a clean feedback-control formulation that is bounded-input bounded-output stable, 

has an exponentially convergent performance estimator, and is recoverable after regime changes under a persistent-excitation 

floor. A closed-form, analysis-grounded auto-tuner removes hyperparameter search and matches grid search. Empirically, the 

controller ties the best non-stationary bandit under transient drift and significantly beats it under a persistent shift, at lower cost, 

while remaining interpretable. Future work includes cost-aware setpoints, more and weaker models, learned–control hybrids, and 

evaluation on real provider latency and quality traces. 
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